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This handbook is a complete desktop reference for stu-
dents and engineers. It has everything from high school
math to math for advanced undergraduates in engineering,
economics, physical sciences, and mathematics. The ebook
contains hundreds of formulas, tables, and figures from
Number Sets, Algebra, Geometry, Trigonometry, Matrices
and Determinants, Vectors, Analytic Geometry, Calculus,
Differential Equations, Series, and Probability Theory.

The structured table of contents, links, and layout make
finding the relevant information quick and painless, so it
can be used as an everyday online reference guide.
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Chapter 1 V Jad
Number Sets °hslul acgoon

1.1 Set |dentities acgoo seS 39

b acsee Sets: A, B, C
Ske a2z Universal set: |
Js= Complement : A’
oy 4e5e2e; Proper subset: A B
& <3 Empty set: &

> 4 goe 331 Jpnjon of sets: A UB
o assoe S8l Tptersection of sets: A~ B
o 4s9ee J2B Difference of sets: A\B

1. Acl

2. AcA
K 9
3. A=Bif AcB and BCA.

4. Empty Set % s>
DcA

5. Union of Sets ® % g2
C=AuUB={|xeAorxeB}
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Y U Figure 1.

6. Commutativity (x4 el
AuB=BUA

7.  Associativity Sy &5
AuU(BuC)=(AUB)UC

8.  Intersection of Sets » 4sgexe Syl
C=AnB={x|xeAandxeB}

Y S5 Figure 2.

9.  Commutativity Srdy ol
AnB=BnA

10.  Associativity Spdy €8 pb
An(BNC)=(AnB)nC



dlael glo acgome .V Jad  CHAPTER 1. NUMBER SETS

11. Distributivity — @pd s
AU(BANC)=(AUB)n(AULC),
An(BuUC)=(AnB)U(ANC).

12. Idempotency  (S¥s5,l,5
ANnA=A,
AUA=A

13. Domination O e
AnNn=9,
Aul=I1

14. Identity Cous
A=A,
AnI=A

15. Complement
A'=fxel|xgA}

16. Complement of Intersection and Union oo gloinl g STyl
AUA'=]I,
AnA'=0

17. De Morgan’s Laws O )g03 yled
(AUB) =A'nB,

(AnB) =A'UB

18. Difference of Sets b acgorne Jol
C=B\A={X|xeBandX¢A}
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19.

20.

21.

22,

23.

24,

25.

v Jss Figure 3.
B\A=B\(ANB)
B\A=BnNA’

A\A=0Q

K
A\B=A if AnB=J.

¥ S Figure 4.
(A\B)nC=(ANC©\(BNC)
A'=I\A

Cartesian Product RPN oy
C=AxB={x,y)|xeAandyeB}
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1.2 Sets of Numbers  slsl gl acgorne

26.

27.

28.

29.

30.

Natural numbers: N sk dlael
Whole numbers: N, Jol8" slael
Integers: Z oo sl
Positive integers: Z" <+ &> slael
Negative integers: Z~ (shie g dliel
Rational numbers: Q LS slael

Real numbers: R s> dlacl
Complex numbers: C Ll sl

Natural Numbers b dlasl
Counting numbers: N = {1, % Fovs } s)led dlael

Whole Numbers Jel8 slael
Counting numbers and zero: N, = {0, 1, 2,3,...}. Yoo g b yleds Dl

Integers o dlacl
Whole numbers and their opposites and zero: sl 42,8 9 JoI5 slasl
Z' =N=452;3...}; Jio 5 o]

Z ={.,-3,-2,-1},

L= Z o OpoZ = o= 535510, 15,8005
Rational Numbers | L sl |
Repeating or terminating decimals: > plos b ))Se sLisl

Q={x|x=% and a€Z and beZ and b#O}.
3

Irrational Numbers
Nonrepeating and nonterminating decimals.
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31. Real Numbers s> dlael
Union of rational and irrational numbers; R.  bsSU g LS slael glois]

32. Complex Numbers Laliseo slacl
C={x+iy|xeR and yeR}, ’
where i is the imaginary unit. Lol ogmge sy 1 ol > oS

33. NcZcQcRcC

Complex Numbers
Lalises dlael
243 O\

_—""_ Real Numbers .
- s> dlac ~._

//”'I}rational Numbers Rational Numbers
LS slacl

6 S5 Figure 5.
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1.3 Basic ldentities = o\l skl

Real numbers: a, b, ¢ s> e

34. Additive Identity e Sloa
a+0=a

36. Additive Inverse o> 4iy )3
a+ (— a)= 0

36. Commutative of Addition  ze> cpibuls
at+b=Db+a

37. Associative of Addition x> pd cSs
(a+b)+c=a+(b+c)

38. Definition of Subtraction B2y ysS
a—b=a+ (— b)

39. Multiplicative Identity opo Slon
a-l=a
40. Multiplicative Inverse e 09y

1
a-—=1,a#0
a

41. Multiplication Times 0 0 ey
a-0=0

42. Commutative of Multiplication <% Sxibxl
a-b=b-a
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43.  Associative of Multiplication . i, cs,5
(a-b)-c=a-(b~c)

44. Distributive Law  ©pd mjs 056
a(b+c)=ab+ac

45. Definition of Division s iy
a 1

a._
b b

1.4 Complex Numbers bl

Natural number: n b dae
Imaginary unit: i o9Rge 1l
Complex number: z bl due

Real part: a, ¢ s> i
Imaginary part: bi, di PR VR

Modulus of a complex number: r, r;, r, Lksw e oo
Argument of a complex number: @, @, @, Lisw sue (455) olbosS)

1 . o5 cdnel e
46. | i'=j i? =1 e

it=-1 i=-1 it =1

3 o7 . . 4n+3 .

1" =—1i i’ =—i 170 =]

i‘t=1 i*=1 " =1
47. z=a+bi

48. Complex Plane Ll wxio



dlacl glo dc oo .V Juad CHAPTER 1. NUMBER SETS

49.

50.

51.

52.

53.

54.

w2397 Imaginary axis

3
Pl= = = == = ea+bi
2i

|
|
|
] |
| .
| Real axis _ ié> oy

2 A4 0 1 2abB

# 5% Figure 6.
(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a—c)+(b—d)i
(a+bi)c+di)=(ac—bd)+(ad+be)i

a+bi ac+bd bc—ad .
= + 5
c+di  cr+d* f+d?

Conjugate Complex Numbers Lbsw shsl zg350

a+bi=a—bi

a=rcos®, b=rsing



dael slo dcgaxe .V Ja® CHAPTER 1. NUMBER SETS

55.

56.

57.

58.

59.

VJS Figure 7.

Polar Presentation of Complex Numbers Llsw sliel s &l
a+bi=r(cos@+ising)

Modulus and Argument of a Complex Number Lbisw sic (logS)l 5 Joto
If a+Dbi is a complex number, then oKl il bl sue K at+bi 31

r= \/m (modulus), Joe

Pp= arctanE (argument). (455) olbosS)l
a

Product in Polar Representation _.ké Lile ;> ¢ ps
Z,°2,= rl(cos(p1 +isin(p1)- rz(coscp2 +isin (p2)
=1, [cos((p1 + (p2)+ i s.in((p1 +@, )]

Conjugate Numbers in Polar Representation  ohé jisles ;> zgdje dlac

r(cos@+ising)= r[cos(— (p)+ i sin(— (p)]

Inverse of a Complex Number in Polar Representation

: = l[cos(— @)+isin(- )] kb Jhaled 5o Ll 2ae )]y
r(cosp+ising) r

10
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60. Quotient in Polar Representation (ké jils ) jus

B2 SN i feosg,—p )isin(o, )
Z. rz(cosq)2+1sm(p2) r,

61. Power ofa Complex Number  kbsw i yly

zh= [r(cos<p+isinq>)]n =g [cos(n(p)+isin(n(p)]

62. Formula “De Moivre”  €lope> Jgo)d

(cos p+isin (p)rl = cos(nq))+ i sin(n(p)

63. NthRoot of a Complex Number Lk sie ol ady,
: = i i o g
Rz =3 r(coscp+is1n(p)=‘{ﬁ(cosq) 21rtl(+1sm(p an],

n n

where o » &
k=0,1,2,...,n—1.

64. Euler’s Formula Aol Jgey
e* = cosx +isinx

11



¥ b Chapter 2
. Algebra

2.1 Factoring Formulas 4o L,

65.

66.

67.

68.

69.

70.

71.

72.

Real numbers: a, b, ¢ s> sl
Natural number: n b dae

a?~b?=(a+bYa—b)

a’ ~b’=(a—b)a’ +ab+b?)

a’ +b’ = (a+b)a> —ab+b?)

a' —b*=(a’ -~ b*fa® +b*)=(a—b)a+Db)a* +b*)
a’-b’=(a-b a4+a3b+a2b2+ab3+b4)
a’+b* =(a+bYa’' —a’b+a’b’ —ab’ +b*)

Ifnis odd, then o%1wslsin 3l
a"+b" = (a+ b)(a“'1 =a™ “b+a” b’ =,,.—~ab** +b“'l).

If n is even, then oSl il zg5 N 31
a"—b" = (a— b)(a“‘1 +a"b+a"b*+...4+ab"™? +b“‘l),

12
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[p I guos abaily oyl
a"+b"= (a + b)(a“"1 — 4"y B —., Fab™ T — b“‘l).

2.2 Product Formulas b« L,

73.

74.

75.

76.

77,

78.

79.

80.

81.

Real numbers: a,b,c  _id sl
Whole numbers: n, k Jo5 Sl

(a—b)2 =a’—2ab+Db’

a+bY =a’+2ab+b’

(a+b)

(a—b)3 =a’ —3a’b+3ab’ —-b’

(a +b)3 =a’+3a’b+3ab’ + b’

(a —b)4 =a’ —4a’b+6a’b* —4ab’ + b*
(a+b)' =a’ +4a’b+6a’b’ +4ab’ +b*

Binomial Formula (sl alesg> Jse b
(a+b)'="Ca"+"C,a" 'b+"C,a" b’ +...+ "C,_ab" "'+ "C b",

n! . . .
where "C, = ———— are the binomial coefficients.
g oS k! (n - k)! ; .

o 2 Sl oo gl dozgd ol s

(a+b+c)2=a2+b2+c2+2ab+2ac+2bc

(a+b+c+...+utvy=a’+b +c’+.. . +u+vi+
+2(ab+ac+...+au+av+bc+...+bu+bv+...+uv)

13
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2.3 Powers s

Bases (positive real numbers): a, b (cute (> shel) b 4l
Powers (rational numbers): n, m (L5 shel) bl

82. aMa"=a"™"

83.

84. (ab)m =a"b™

85. (EJ _a
b) b"

86. (") =am

87. a’=1,a=#0

88. a'=1

89, a"= L
a

90. aF=n a™

14
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2.4 Roots b aw,

Bases:a,b 4l
Powers (rational numbers): n,m (L5 sll) lalos

a,b>0 for even roots (n=2k, ke N)
z9; b adyy Iy

91. %ab=%a Vb
92. %/a¥b="%a"b"

Ja _¥a
b b

ng‘m\‘/aimzn a™
Wb o Vb

93. ,b#0

94,

95. s am)P =R/a™
96. (¥a) =a

97. %™ =a™
98. a"=ar

99. Yta="¢a
100. [{a)' =%a™

15
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1 nan—l
101. =—,a=%0.
a  a
2 2
102. ai\B:\/a_H/a —bi\/a—\/a -b
2 2

103, L _YaFib
" Jatib a—b

2.5 Logarithms .z ,w

Positive real numbers: x, y,a,¢c, k = Cuto (> dliel
Natural number: n rubs 34

104. Definition of Logarithm & W
y=log x ifand onlyif x=a",a>0,a=#1.
Sl 5 5]
105. log,1=0

106. log,a=1

—oo ifa>1
107. loga0={ .
+w ifa<l

108. loga(xy)= log, x+log, vy

109. log, == log, x—log. vy
Y

16



110.

111.

112.

113.

114.

115.

116.

117.

118.

> Y J.Aa_q CHAPTER 2. ALGEBRA

loga(x”)= nlog, x

log, Rfx = lloga X
n

log, x=

log, c=

X=a

log

7‘:X=logcx-logac, c>0,c#1.

log.a

1

log_ a

log, x

Logarithm to Base 10 V- 4l oo &
log,,x=log x

Natural Logarithm L o ,&
log. x=Inx,

k— o

K
where e=lim(1+%j =2.718281828...

logx= ! In x=0.434294In x
In10
1
Inx= log x=2.302585log x
loge

17
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2.6 Equations = <¥sl

119.

120.

121.

122.

123.

124.

125.

Real numbers: a,b, ¢, p, g u, v _aés sl
Solutions: X,, X,, ¥,» ¥,» ¥, Lelos>

Linear Equation in One Variable o 0 G s able

b
ax+b=0, x=——.
a

Quadratic Equation pgd 4> ables

—b++b*—4ac

ax’ +bx+c=0, x, , =

2a
Discriminant Olie 30
D=Db*-4ac
Viete’s Formulas Cog slelged
If x> +px+q=0,then ol
{xl +Xx,=—p
249

ax’+bx=0,x,=0, x,=——

c
ax’+c=0, X, ,=%./-—,
a

Cubic Equation. Cardano’s Formula. gls,lS" Jge 3 .pow 4,5 dlsles
Y +py+q=0,

18
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V=04V, ¥,, :—%(u+ v)i;(u+ v)i,

where () » &

SRS CRC R £3 ORO

2.7 Inequalities Lyt

o ,ie Variables: x, VyZ

oo e a, b, C’ d
i ol Real numbers: » T, N
A5, 8,5...8,

klee > Determinants: D, D, D, D,

Lo )lages 9 05L (slapalod oyl U

126. Inequalities, Interval Notations and Graphs

e 212U o3 hales )1>ge9
Inequality | Interval Notation Graph
<x< a & i

a<x=<b [a,b_ s Z) X

a<x<b (a,b- o o > X
] a b

< . ° .
a<x<b [a,b) - 7 X
a<x<b (a,b) o ° - X
a b

~w<x<b, | (~ow,b] P

x<b b

—0<x<b, (—oo,b) o - X

x<b

A<Xx <00, [a,OO) ° X

x>a a

a<x<w, |(ao) o X

x>a a

19
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S| NI
127. If a>b,then b<a.

128. If a>b, then a—b>0(l;'r b-a<0.
129. Ifa>b,then a+c>b+c.

130. Ifa>b,thena—-c>b-c.

131. Ifa>b and c>d,then a+c>b+d.
132. Ifa>b and ¢c>d,then a—d>b-c.

133. If a>b and m >0, then ma > mb.

134. If a>b and m >0, then i>£.
m m

135. If a>b and m <0, then ma <mb.

136. If a>b and m <0, then i<£.
m m

137. If 0<a<b and n>0,then a" <b".
138. If 0<a<b and n<0,then a" >b".

139. If 0<a<b,then ¥Ya <¥b.

140. Jab<2tP | /
Jps 2 ool s g plp ik A=h Sl
where a >0 , b>0;an equality is valid onlyif a=b.

1 !
141. a+—2>2, where a >0;an equality takes place onlyat a=1.
4 Ol)bc\f .Jub.)u.oé)azl )DLQ(‘"LS)")"
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a,+a,+...+a,

CHAPTER 2. ALGEBRA

OT ).)45

142. nfaja,...a, < - ,where a,a,,...,a, >0.
S ol
143. Ifax+b >0 and a>0, then x>——.
a
b
144. Ifax+b >0 and a<0, then x<——.
a
145. ax’+bx+c>0
a>0 a<0
\ X1 X2 o
D=0 X; X, X
<X XK, s e o
X=X
1~ X2 5
D=0
X1=X2 -
b < o, o N x€ed
-X
D<0
X
— <X <D xed
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146

147.

148.

149.

150.

151.

152.

»> Y Jab CHAPTER 2. ALGEBRA

‘a+b‘$]a‘+‘b‘
)f‘ ol&s] 01)345
If ‘x‘<a,then —a<Xx<a,where a>0.

If ‘x\>a,then X <-—a aI{d X >a,where a>0.
If x*<a,then ‘x]< a,where a >0.

If x*>a, then ‘x‘> a ,where a>0.

If @ >0, then {f(x)~ g(x)> d "

g(x)

f)_y o [()8x)<0
e ek {g<x)¢o '

2.8 Compound Interest Formulas =55 ox: ks,

153.

Future value: A ol lado

Initial deposit: C aedgl 03
Annual rate of interest: 1 Wl o &5
Number of years invested: t /-5 22 sl 2l

Number of times compounded per year: n = Jlo s oas o8 5 @leds sl

General Compound Interest Formula 55 oy (so9es 4l

nt
A=C(1+£]
n

22
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154. Simplified Compound Interest Formula 57 o 038 o3l )

155.

If interest is compounded once per year, then the previous
formula simplifies to: .1 4 oty aal, o851 05 S 5 Jlo 3 5k Ko oy ]
A=C(1+I‘)t. g oo 03l alayl,

Continuous Compound Interest — “wg (55 o
If interest is compounded continually (n — o), then

A=Cert. :ol.i}] ‘szuj);M%)9b4Jo).Qe)§‘

23



¥ Chapter 3
o Geometry

3.1 Right Triangle 4/}l »6 e

Legs of a right triangle: a, b sl @B o ledles
Hypotenuse: ¢ 5

Altitude: h elis)

Medians: m,, m,, m_ b «ls

Angles: o, Ul

Radius of circumscribed circle: R (o opls gled
Radius of inscribed circle: r  _blxo opb gl
Area: S coluws

A JS Figure 8.

166. a+p=90°

24



157.

158.

159.

160.

161.

162.

163.

164.

dwlid Y |ad CHAPTER 3. GEOMETRY
, a
sinaa=—=cos[}
c
cosaa=—=sin}
c
a
tan o = 5 =cot

b
cota=—=tanf}
a

c
seca=g=cosec[3

c
cosec o =—=secf}
a

Pythagorean Theorem — ©)slud 4pa8
a’+b*=c’

a’=fc, b’=gc,
where f and ¢ are projections of the legs a and b, respec-
tively, onto the hypotenuse c. sl ¢l oais yomi w4 C o F o )5 &S

ol € 55 g9, p D 52

h b
f ] g
C

1 Figure 9.

25
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165. h2=fg, ol 4038 al; 5l gyl h o] s oS
where h is the altitude from the right angle.

2 2
b
166. m’=b>-2 ,m’=a’-",
4 4
where m_ and m, are the medians to the legs a and b.

ol 2 SIb g a ladlo o)y ol s

V- K5 Figure 10.

167. m, =,
2

ol C g 1 5))g ileo
ol » & where m_ is the median to the hypotenuse c.

168. R="=m
2
169. I'=a+b—c= ab
2 a+b+c
170. ab=ch

26
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3.2 Isosceles Triangle st goluce i

Basera oxcls

Legs:b  Lil

Base angle: B oxcls 4l;

Vertex angle: o0 o3cB g99; 495
Altitude to thebase:h  oucls )y ¢lis)|
Perimeter: L L.

Area:§ colewo

W s Figure 11.
o
172. =90°——
P 2

2

173. h=b-2
4

27
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174. L=a+2b

2
175. S=é=b—sina
2 2

3.3 Equilateral Triangle exsvi sl el

Side of a equilateral triangle:a  eAVl goluse cdio gls
Altitude: h ¢

Radius of circumscribed circle: R e opls glas
Radius of inscribed circle: r  _blxs o pls glas
Perimeter: L. Lo

Area:S colus

W S5 Figure 12.

176. h=¥

28



177.

178.

179.

180.

dwla Y J.Aa_q CHAPTER 3. GEOMETRY

R=gh=£
3 3
_lh_a\/g_E
3 6 2
L=3a
g-th_a'V3
2 4

3.4 Scalene Triangle ple clie

(A triangle with no two sides equal)  (»l» &l 9o @2 L i)

Sides of a triangle: a, b, ¢ edze eI
a+b+c

2
Angles of a triangle: o, 3,y edze bl

Altitudes to the sidesa, b, c: h ,h,,h_ Ml sy ckels)
Medians to the sidesa, b, c: m_, m,, m_ el »5)ly sl aibio

Semiperimeter: p=

Bisectors of the angles a,[3,y: t_,t,,t. bl (sl jlunass

Radius of circumscribed circle: R (e oph glads
Radius of inscribed circle: r bl o pls glas
Area: S colus

29



181.

182.

183.

184.

dwlin Y b CHAPTER 3. GEOMETRY

WSS Figure 13.

a+p+7y=180°

a+b>c,
b+c>a,
a+c>b.

h—w<c,
b—q<a,
h—d<b.

Midline 4o b3
a

=—, a.
q2q||

W & Figure 14.
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185.

186.

187.

188.

189.

190.

dwdin ¥ o CHAPTER 3. GEOMETRY

Law of Cosines  Lwsuus ()58
a’=b’+c¢*-2bccosa,
b*=a’+c*—2accos B,

¢’=a’+b*—2abcosy.

Law of Sines  Luwgiw 96

a b g
e — Sl :
sinoe  sinf3  sinfy ol Jamo o pls glas R o j3 a8

where R is the radius of the circumscribed circle.

a b c be ac ab 3 abc

_ZSina_ZsinB_Zsiny_Zha_Zhb 2h. 4S

C

2 (p=a)p=b)p-c)

p
1. t.1
r h, h, h,
sing=\/(p_b)(p_c),
2 bc
cos Lo [Plp=a)
bc
tanaz\/(P—b)(P—c).
2 pp—a)

h, = Jp(p-alp-bYp-c),
hb=%\/P(P“aXP—b)(P—C)’

h. == plp—aXp—bYp—c).

31
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191. h, =bsiny=csinf,
h, =asiny=csina,

h.=asinf=bsina.

b2+ 2 2
192, m’=—"°_2 |
2 4

, a'+c¢& b’

mb= )

2 4

, a’+b* ¢?

m’ = -

2 4

Vo JSS Figure 15.

193. AM =§ma, BM = %mb , CM=§mC Ef. 150,

194, ¢ 2bp(p=2)

" (b+c)

s 4acp(p—b) ’
* (a+c)

2 _ 4abp(p—c)
(a+b)

32
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195. s ah, _ bh, _ ch, ,
2 2 2
Szabsinyzacsin[_’)zbcsina ’
2 2 2

S=\/p(p—a)(p—b)(p—c) (Heron’s Formula), (cya52 dlasly)
S=pr,

_abc

4R’
S=2R*sina sinf siny,

B, v

2 o
S=p”tan—tan —tan —.
2 2 2

3.5 Square &

Sideof a square:a &y &b

Diagonal: d 5

Radius of circumscribed circle: R (lsxe opld gleds
Radius of inscribed circle:r  _Llxo o pls glas
Perimeter: L b

Area: S o luno

Vo s Figure 16.
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196.

197.

198.

199.

200.

dwla Y M CHAPTER 3. GEOMETRY

d=a+2
o i
L=4a
S=a’

3.6 Rectangle  Jkw

201.

Sides of a rectangle: a,b Jsatue eS|
Diagonal: d slab
Radius of circumscribed circle: R lewoxs o pl> gleds

Perimeter: L oo
Area: S colue

b \\\q
‘\.\\
L] ™Y
a
WSS Figure 17.

d=va*+b*

34
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202. R=g
2

203. L=2(a+b)

204. S=ab

3.7 Parallelogram extsv! s

Sides of a parallelogram: a,b  £MsV! gjloie eS|
Diagonals: d;,d, L3

Consecutive angles: o, [3 Slsie sLls;

Angle between the diagonals: ¢ il ;Lo «4l;
Altitude:h  gw)

Perimeter: L. Lo

Area: S Colue

I T
hw & Ofg//
" e

a

e

1]

YA S Figure 18.

205. o+p=180°

206. d’+d2=2(@a’+b?)
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207. h=bsina=bsinf
208. L=2(a+b)

209. S=ah=absina,

1 x
S =§dld2 sin ¢.

3.8 Rhombus ;9

Side of arhombus:a  &j9 &

Diagonals: d,,d, s a8

Consecutive angles: o, Jlgio by
Altitude: H el

Radius of inscribed circle: v Llxo o ply gleis
Perimeter: L L.

Area:S  coluw

a h 3
e
AT
p : 5
[ [ /B

a

Y& K& Figure 19.
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210.

211.

212.

213.

214.

215.

dwdin Y Lad CHAPTER 3. GEOMETRY

o+ p=180°

& +d? = 402

) dd
h=asina=—"2%
2a
r_h_dldz _asina
2 4a 2

L=4a

2 .
S=ah=a"sina,

1
S =5d1d2.

3.9 Trapezoid ;s

Bases of a trapezoid: a, b
Midline: q o Lot
Altitude: h el
Area: S LN WA

4.0))9.) Lgl.b oleld
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Ve S Figure 20.

3.10 Isosceles Trapezoid il ssluzs aijed

Bases of a trapezoid: a, b aijed (sl oacld

Legic 3w

Midline: @ 4o b

Altitude: h el

Diagonal: d :

Radius of circumscribed circle: R oo o pls glas
Area:S <ol
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vy s Figure 21.

218. q

219. d=+ab+¢?

220. h=\/c2—i(b—a)2
s cvab+c?

' \/(2c—a+b)(2c+a—b)
222. s=a;’b.h=qh

39
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3.11 Isosceles Trapezoid with L 58l gl aijgd
Inscribed Circle bl ol

Bases of a trapezoid: a, b 4&9d (cla oacls

Legic sl

Midline: q  aog s

Altitude:h &)

Diagonal: d =~ k8

Radius of inscribed circle: R bl opls glais
Radius of circumscribed circle: r e o pls glais
Perimeter: L Ly

Area:§ <ol

YY )& Figure 22.
223. a+b=2c

a+b
=ic

224, q=

225. d*=h*+c?
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226. r=

297, _d cd } /7hz a+b a
" 2h 4r

228. L=2(a+b)=

h_\ab
2 2

229. s:a;b.h= (a“’z)vab =qh=ch=E

3.12 Trapezoid with Inscribed Circle bbxe opb L aijed

Bases of a trapezoid: a,b 489> la oacls

Lateral sides: ¢, d s e

Midline: q dows a3

Altitude: h Farig

Diagonals: d,,d, L3

Angle between the diagonals: ¢ a8 Lo 4l
Radius of inscribed circle: r  (dblbxo oply glais
Radius of circumscribed circle: R lewxo o pls glas
Perimeter: L. = Lo

Area: S colue
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VY s Figure 23.

230. a+b=c+d

231, q= a+b_c+d

232. L=2(a+b)=2(c+d)

233. s=2"2.h=""%h=gqn,

3.13 Kite (ssbal) euls

Sides of a kite:a,b  colS' ¢Ml
Diagonals: d,,d, s Lo
Angles: o, 3,7 Lls;
Perimeter: L by

Area: S N WS

42
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LA Figure 24.
234. o+p+2y=360°
235. L=2(a+b)

236. S= 4,

3.14 Cyclic Quadrilateral b ;5 bl L)l

Sides of a quadrilateral: a, b, ¢, d sy lex g
Diagonals: d,,d, |3

Angle between the diagonals: ¢ ks Lo 445
Internal angles: «,f3,7,0 G315 by

Radius of circumscribed circle: R e opls glads
Perimeter: L o

Semiperimeter: p  low caa
Area: S colue
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Yo S Figure 25.
237. a+y=pP+0=180°

238. Ptolemy’s Theorem ool dausd
ac+bd=dd,

239. L=a+b+c+d

240. R=1

\/(ac + band + bc)(ab + cd)
4

(p-a)p—b)p-clp-d)’

ol » &S where p=%.

241. S =%dld2 S

s=y(p—alp-bYp-c)p-d),
L

ol » &S where =g
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3.15 Tangential Quadrilateral (L .tw)oub b olo s

Sides of a quadrilateral: a, b, ¢, d ol e
Diagonals: d ,d, a3

Angle between the diagonals: @  ,ld L «l;
Radius of inscribed circle: b 02> glad
Perimeter: L Lo

Semiperimeter: p v caal
Area: S colue

Y5 U Figure 26.

242. a+c=b+d

243. L=a+b+c+d=2a+c)=2(b+d)

pas o Vdidi-(a=bf(a+b—py

2p

L
ol s where p=5.
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245. S=pr= %dldz sin. i

3.16 General Quadrilateral o= ol

Sides of a quadrilateral: a, b, ¢, d ol g
Diagonals: d ,d, a8

Angle between the diagonals: ¢ sk (e 495
Internal angles: o, ,7,8 31> sbly;
Perimeter: L b

Area:S <oles

YY JS& Figure 27.

246. o+p+y+35=360°

247. L=a+b+c+d
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248. S= %dld2 sin @

3.17 Regular Hexagon ks Lo s

Side:a &

Internal angle: o (31> 45

Slant height: m &k » 3l £l

Radius of inscribed circle: r Pbre ol glad
Radius of circumscribed circle: R ke o2l glad
Area:S <ol

Perimeter: L. L
\
\

Semiperimeter: p e cons
YA K& Figure 28.

) "'3'",? >

249. a=120°

250. r=m=—-—
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261. R=a
252. L=6a
2
263, s—pr=2V3
2
, L
ol as where p="

3.18 Regular Polygon k% boxz

Side:a &k
Number of sides:
Internal angle: o 31> 49l;

Slant height: m  &ke » )y £)

Radius of inscribed circle: r (bl opl glad
Radius of circumscribed circle: R ks> oxl> glad
Perimeter: L o

Semiperimeter: p e caal

Area:S coluws

PSS
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254,

255.

256.

257.

258.

259.

dwda Y J‘a_g CHAPTER 3. GEOMETRY

a

YA s Figure 29.
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ol S where p=%.

3.19 Circle  o»h

Radius: R~ &gk )

Diameter:d

Chord: a >3

Secant segments: e, f <ol b3 o)l
Tangent segment: g wloe b3 o)l
Central angle: & 35y 95
Inscribed angle: B _blxo 445
Perimeter: L Lo

Area:S colue

260. a=2R sin%

SN
|2

Y. K& Figure 30.

50



dwdin .Y |ad CHAPTER 3. GEOMETRY

261. aa,=bb,

YV S Figure 31.

YY S Figure 32.
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YY S Figure 33.

o
264. B=—
P 2

\\a )
>

AR Figure 34.

265. L=2nR=nd

nd’ LR
4 2

266. S=nR’=

52
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3.20 Sector of a Circle  oxb glks

267.

268.

269.

270.

Radiusofacircle: R~ °xP gld

Arclength:s (LS Jsb

Central angle (in radians): x  ((bo)) cw ) 635 0 495
Central angle (in degrees): o (4> cws p) 535 30 w9l;
Perimeter: L L,.>,

Area:S§ coluwe

Yo U< Figure 35.
s=Rx

o= nmRa
180°

L=s+2R

Rs R’x nR’a
2 2 360°
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3.21 Segment of a Circle ..,

Radius ofacircle: R~ 2P gl

Arclength:s LS Job

Chord:a

Central angle (in radians): x (Ld) caus p) (655 10 40l
Central angle (in degrees): o (43> cuw> ) <35 3 445
Height of the segment: h 5, ¢lis)

Perimeter: L Lo

Area: S o buo

Y8 S Figure 36.

271. a=2v2hR-h?
272. h=R—%\/4R2—a2 heR

273. L=s+a
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1 R'(anr . Y R’ :
274. S—E[SR—a(R—h)]—T(ISOO—31naJ—7(x sinx),

3.22 Cube %

Edge:a Jb

Diagonal: d = ks

Radius of inscribed sphere:r  (blxe )5 glad
Radius of circumscribed sphere:r ke 0)5 glad
Surface area: S phw colus

Volume: V. o

\
;_____.‘.____7
-~ A\
- n

YV S Figure 37.

275. d=a.3

276, r=2
2
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277. R=2Y2
2

278. S=6a’

279. V=g’

3.23 Rectangular Parallelepiped (ki ol sl

Edges: a, b, ¢ Lt
Diagonal: d ~ sk®
Surface area: S zdow colue
Volume: V oo

b SN

YA U Figure 38.

280. d=+Va’+b*+c?
281. S =2(ab+ac+bc)

282. V=abc
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3.24 Prism .

Lateral edge:1 b Jb

Height: h el

Lateral area: S, sl colus
Areaof base: S  ocl Colus

Total surface area: S JS gew colus
Volume: V. >

//,ka““m\

i 1
: : =8
' :

33 /L == k?é_ —:\

> \\?\5

- .
Y [ ]/ag
a,

v Figure 39.

283. S=S, +28,.

284. Lateral Area of a Right Prism 4l jgiie Slbs colus
S, =(a,+a,+a, +...+a, )l

285. Lateral Area of an Oblique Prism |l ,gii0 il colue
S =pl,
where p is the perimeter of the cross section.

ol oo s Lo P ] 3 &S
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286. V=S5,h

287. Cavalieri's Principle Algls Jol
Given two solids included between parallel planes. If every
plane cross section parallel to the given planes has the same
area in both solids, then the volumes of the solids are equal.
05530 gaw 93 b (glge gblite axio jo ST )13 (silge Cloxio (i (ghn dw e 93 3357 (1558
ol ply o b o 93 (laoze olST bl Bl s 93 52 53 s dlaiie aws (slggluns

3.25 Regular Tetrahedron sk aes)ks

Triangle side length:a  <die o Job
Height:h ¢lw)

Area of base: S; sucls coluo

Surface area: S gdow coluo

Volume: V. oo

¥. JXs  Figure 40.

288. h=\Pa
3
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_ 3’

289. S, = p
290. S=4+/3a°
1 a’
291. V=-S.h= .
3% 62

3.26 Regular Pyramid ke

Side of basera ol &ks

Lateral edge: b 5 Jb

Height: h el

Slant height: m  &ls y 5)ly £las)|

Number of sides: n Mol sluss

Semiperimeter of base: p  04cl6 oo Lo

Radius of inscribed sphere of base: r sacls Ll 0,5 slas
Area of base: S; oicl colus

Lateral surface area: S; (b zow colus

Total surface area: S IS zow colus
Volume: V >
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293.

294,

295.

296.

297.

dwlia Y M CHAPTER 3. GEOMETRY

a

¥y S Figure 41.
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3.27 Frustum of a Regular Pyramid

YU 5 ol oo ossls eI Jobo

a,,8,,8;,...,a
Base and top side lengths: { 1>85>855..,8,

biy by byyenss by
Height: h ¢l
Slant height: m &ls y 5)ly £l
Areaof bases: §;, S, b oacld colus
Lateral surface area: S;  _ils pdaw colune
Perimeter of bases: P, P, s oucls Lo

Scale factor: k.~ _wlde cu s
Total surface area: S S alaws cooluws
Volume: V. o

61
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S

299. 1=Kk’
Sl
300. stm(PlerPz)

301. S=S8;+S,+S,

302. V=%(Sl+ 5.5, +8,)

2
303. V=hsl{1+b+(bj }=h:1[1+k+k2]

3 a a

3.28 Rectangular Right Wedge «8 ki o5

Sides of base:a, b sucls ¢Mol

Top edge: c 858 Jb

Height: h ¢l

Lateral surface area: §; b xaw colue
Areaof base: S,  oucld colue

Total surface area: S S paw Coluws
Volume: V x>
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305.

306.

307.

dwdid ¥ Juaé CHAPTER 3. GEOMETRY

¥ X% Figure 43.

S, =%(a+c W4h*+b”* +b h?'-i-(a—c:)2

Sy =ab

$=S,+S,

V= %(2a+c)

3.29 Platonic Solids (ekie clo gz9us) SsbMil sl

Edge:a JU
Radius of inscribed circle: r bl opl glad
Radius of circumscribed circle: R oo opls glais

Surface area: S o colue
Volume: V. oo
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O golaw bl & Wiwn pie glo a9y (SN plowl L Sl oo
308. Five Platonic Solids sl o phaie ola ahows 5l S

The platonic solids are convex polyhedra with equivalent
faces composed of congruent convex regular polygons.

oS ol b dlaws zslaw dlass
Solid Number Number Number Section
S 4w > | of Vertices | of Edges of Faces B
pbie 229k Tetrahedron 4 6 4 3.25
S Cube 8 12 6 3.22
phie 25 ¢22Qctahedron 6 12 8 3.27
phitie 229 03l [cosahedron 12 30 20 3.27
Dodecahedron 20 30 12 3,27
Octahedron ks ey cuia
FY S Figure 44.
309. r= aV6
6
310. R= a‘f
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311. $=2a%3
3
312. v=2 ;E

lcosahedron ke ey cons

Yo s Figure 45.

313 r=M

12

314. R=22(5++5)
p NG
315. S=5a%\/3

316. v=ﬂ3+_\/g)

12
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Dodecahedron ke ey ol

¥ s Figure 46.

__ay1005-+115)

317.
2
318 R=M

4

319. S=3a2\/515+2\@)

- 2*(15+7+5)

4

320.

3.30 Right Circular Cylinder % &loxh «ls

Radius of base: R 0lcld gless
Diameter of base: d oacld ,lad
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Height: H ¢l
Lateral surface area: §; (51 ow colus
Areaofbase: S,  oucls coluw

Total surface area: S  JS ghw coliwe
Volume: V. .

¥¥ /K5 Figure 47.

321. S, =2nRH
322. S=S5,+25;=2nR(H+R)= nd(H+gJ

323. V=S ,H=nR’H
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3.31 Right Circular Cylinder with L #6 sl ol alsel
an Oblique Plane Face ko gae dxy

Radius of base: R~ 03B glad

The greatest height of aside: h, __ils ¢ls)| o 55,5
The shortest height of aside: h, _sks glis)l -y juabos
Lateral surface area: S, ol ew colue

Area of plane end faces: S; sl pdanss 0939 Colins

Total surface area: S JS o colus
Volume: V. >

W
\\—’/

h2 Ih1
- “ R
\.\ //

YA K& Figure 48.

324. S, =nR(h,+h,)

2
325. S,=nR’ +nRJR2 +(h1 _th

2
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, (h,—h,Y
326. S=S,+S;=nR|h,+h,+R+ R"+ 5

nR?

327. V=""(h,+h,)

3.32 Right Circular Cone 8 loph by

Radius of base: R odsld £lads
Diameter of base: d  oacl8 s

Height: H el

Slant height: m _l> gl

Lateral surface area: S,  _sl> pmow colus
Area of base: S, oxels Colune

Total surface area: § S o colue
Volume: V. s

Y& U Figure 49.
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328.

329.

330.

331.

332.

dwlin Y |2 CHAPTER 3. GEOMETRY

H=+vm’-R*

d
S; =nRm= m;

S, =nR’

$=S, +S,=nR(m+R)= %nd(m +§J

286 o315 gl 0 15 Loy e

3.33 Frustum of a Right Circular Cone

Radius of bases: R, 1 s 0ucl glass
Height: H ¢l

Slant height: m il ¢l

Scale factor: k _ldo co o

Areaof bases: §;, S, b oscls coluo

Lateral surface area: S, b pow colus

Total surface area: S S mlaws coluno
Volume: V. o
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333.

334.

3385.

336.

337.

338.

339.

dwla Y J‘a_e CHAPTER 3. GEOMETRY

w

—2=—= k2
S, r’

S, =mm(R+r)

S=8,+8,+8, =n[R>+1’ +m(R+r)|

V= %(sl +4/S.S, +sz)

2
V= hSI[I+R+(R] }:ll:l[H k+k2]

3 r r
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3.34 Sphere -5

¢ls Radius: R

;ki  Diameter: d
tdaw colue  Surface area: S

~>> Volume: V

o) Js Figure 51.

340. S=4nR*

341. V=énR3H=lnd3 =1SR
3 6 3

3.35 Spherical Cap  «ss o

Radius of sphere: R~ o5 gl

Radius of base: r 0dclB glads

Height: h &)

Area of plane face: S, gawe 425 Colus

Area of spherical cap: S 59,5 (pxdye colus
Total surface area: S S zdew colus
Volume: V >
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342,

343.

344,

345.

346.

dwla Y VL@ CHAPTER 3. GEOMETRY

oy s Figure 52.

R r’+h’
2h
S, =mar’

Se= 1t(h2 +r2)

S=8;+5. =n(h® +2r*)=n{2Rh +r*)

V=§h2(3R—h)=gh(3r2+h2)

3.36 Spherical Sector  «s»s elké

Radius of sphere: R ¢,5 gl

Radius of base of spherical cap: r (¢9,5 pxbye 0acls gla
Height:h ¢l

Total surface area: S |5 pdaw coluwo

Volume: V.~
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oy s Figure 53.

347. S=nR(2h+r)
2 o2
348. V=§nRh

Note: The given formulas are correct both for “open” and
“closed” spherical sector.

Gl gusrs a9 G (59,5 gllad 90y (gl ond 00> (sledge,d icuilaoly
3.37 Spherical Segment L, 5

Radius of sphere: R o5 glass
Radius of bases: 1, I,  » oacli glos

Height: h ¢l
Area of spherical surface: S, ¢4,5 mow colue
Area of planeend faces: S,, S, zhwe okl ogrg colue

Total surface area: S JS paw colie
Volume: V. >
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oF Jss Figure 54.

349. S, =2nRh

350. S=S,+8,+S,=n(2Rh+1} +1)

351. V= énh(?»rf +3r] + h2)

3.38 Spherical Wedge ;505

Radius: R &l

Dihedral angle in degrees: x 42,5 cuw> p (xawgd a4l
Dihedral angle in radians: o obdl) cuws yr (rawgs 445
Area of spherical lune: S; $95 gl coluw

Total surface area: S |S mow colus

Volume: V. >
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0o S Figure 55.

2
352, 5 =™
90

a=2R*x

nR?

353. S=nR*+ 30 o =7R*+2R*x

3
354. v=TR o =2R%x
270 3

3.39 Ellipsoid  os%ean

Semi-axes:a,b, ¢ »yro—des
Volume: Vo
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oF s Figure 56.

355. V=§ﬂ:abc

Prolate Spheroid ows oais (5 55

Semi-axes:a,b,b (a>b) b ,pre—aoy
Surface area: S pmhaw coluwe
Volume: V.

356. S=2nb(b+w],
€
[ 2 12
ol S where e=aTb.

357. V=§nb2a
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Oblate Spheroid o454 055 55

Semi-axes:a,b,b (a<b) lopre—aes
Surface area: S ghw colus
Volume: V. o

i (bej
aarcsinh| —
358. S=2nb| b+ AN
be/a
b*—a?’
ol 3 aS where e= =

359. V=§nb2a

3.40 Circular Torus  «sph wes

Major radius: R~ Lol gla
Minor radius: r =% glad
Surface area: S ghw colus
Volume: V. o
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oY K& Picture 57.

360. S=4n'Rr

361. V=2x'Rr’
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Chapter 4

ol  Trigonometry

Angles: o, 3

Real numbers (coordinates of a point): X, v (ahis &G clasw) Lids sl

Lly;

Whole number: k JolS sas

b3y

362. 1 rad=_20

f|"

~ 57°17 '45"

363. 1°=—" rad ~0.017453 rad

Llgj sl x> 5 obdly slaasly
4.1 Radian and Degree Measures of Angles

180
364. 1'=— " rad~0.000291 rad

180- 60
365. 1"=— " rad ~0.000005 rad

180-3600
366. Angle
(23] 4 (degepes) | © | 30 | 45| 60 | 90 | 180 | 270 | 360
Aol | Apgle g momm w3
(0bal) 44; (radians) 6 4 g o) )
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4.2 Definitions and Graphs of Trigonometric
Functions Slilte als glaogas g iyl

/’/ [ r / /T\ 2
/ // : » l a
" | \y =\sin o
L)

| X

OA K5 Figure 58.

367. sin oc=X
368. cosa= X

369. tana= ¥

»

370. cot oc=£

81
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371. secaz£

>

372. coseco.= E
y

373. Sine Function ooz &b
y=sinx, —1<sinx <1.

y

y =sin x

0% S Figure 59.

374. Cosine Function oS xb
y=cosx, —1=cosx=<1.

82
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Fe g Figure 60.

375. Tangent Function <dlpb U

T
y=tanx, x¢(2k+1)5, —ow<tanx < oo,

£y U Figure 61.
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376. Cotangent Function <slpls &b
y=cotx, x# km, —co<cotx<o.

FY S Figure 62.
377. Secant Function <ilSw mb

y=secX, x¢(2k+1)§.
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Figure 63.

cosecx, X#km.

378. Cosecant Function .S &b
¥

4 4

cosec X

y

1
-1

Figure 64.

£¥ U
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_ _ Silie plg M=
4.3. Signs of Trigonometric Functions

&
379. Quadrant Sin | Cos | Tan | Cot | Sec | Cosec
o o o o o o
I + e + + + +
II + +
III + +
IV T +
380.
y y
! sin o = gggg — tC%I;g
- \cosec a / /_ +\'\ J /_ +\\
// + | + 1: - > X { \ X
| xo\— |+ -/
\\ . . /) N a///. \\\d, 7
\\\ ///

0 J&&  Figure 65.
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. . _oges by Slle gy
4.4 Trigonometric Functions of Common

Angles
381.

a® | orad sin o Cos oL tan o cota | seca cosec oL
0 0 0 1 0 o0 1 o0
n 1 J3 1 2
30 | — = - —= 3 | — 2
6 2 2 V3 V3 V3
45 E ﬁ ﬁ 1 1 ﬁ \/5
4 2 2
n W 1 1 2
60 s — — 3 —= 2 T
3 2 2 V3 V3 J3
g1
90 5 1 0 o0 0 0 1
27 1 1 2
120 — ﬁ i =43 T -2 g
3 2 2 V3 V3
180 oL 0 -1 0 o0 -1 0
3n
270 7 -1 0 o0 0 o0 -1
360 27 0 1 0 o0 1 0
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382.
a® o rad sin o cos o tan o cot o
12 4 4
s 51 _
s " V5 104245 | [5-2+5 ol
10 4 4 5
541
b L 10-24/5 J5+1 \10-2+5 ﬁ
5 4 4 V5+1 =2y
s | 37 J5+1 10—2J5 | V5+1 1}_2‘/5
10 4 4 J10—-245 sl
5-2./5
27 5-1
;| 2| V104245 | V5-1 54245 -
5 4 4
5 _
S R R R I

4.5 Most Important Formulas ks ceiese

383.
384.

385.

386.

sina+cos’a=1
sec’a—tan‘a=1
cscla—cotia=1

sin o

tan o =
cos L

88




387.

388.

389.

390.

391.

Ol ¥ J-@B CHAPTER 4. TRIGONOMETRY

Cos L

cot o =—;
SIn o

tan o -cota=1

1
sec oL =
cos o
1
cosec oL = —
sin o

4.6 Reduction Formulas el Lis,

B sin [3 cos 3 tan 3 cot

—a —sin g +cos o —tan o —cot
90°—q | tcosd +sinq | +cota | +tana
90°+¢ | tcosa —sin o —cota | —tana
180°—¢ | +sino | —cosa | —tana | —cota
180°+¢ | —sina | —cosa | +tana | +cota
270°—¢, | —€0sd | —sino | tcota | +tana
270°+¢ | —cosa +sin o —cot —tan o
360°—¢ | —sina | tcosa | —tano | —cota
360°+q@ | +sina +cosa | t+tan +cot
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L . e gy sl
4.7 Periodicity of Trigonometric Functions

392. sin(a & 21m)= sin o, period 27 or 360°.
393. cos(oc + 2nn)= cos o, period 27 or 360°.
394. tan(oc o nn)= tan o, period 7 or 180°.
395. cot(oc i nn)= cot o, period 7 or 180°.
Stlte mlgi yle Laslg,

4.8 Relations between Trigonometric
Functions

4

. 1
396. sina=x+1-cos’a =i\/5(1—cos2a)= 2C052(%—EJ—1

2tang
2

o
1+tan® =
2

; 1
397. cosa=*+yl-sin’‘« :i\/5(1+ cosZoc):Zcosz%—l

o
1—tan® —
- o
1+tan® =
2
398. tano = sin o =im= sin2a _ 1—.C0820L
cos oL 1+ cos2a sin 2¢L
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2 tan =
_4 /1—c0820c_ an2
“V1+cos2a o

1+ tan® —
2

coscl 14+ cos2a sin 2o
399. cota= =+ycscia—1= -

sin o sin 2 _l—cos2oc
!
_4 /1+c0820L=1 tan 5
1—cos2a Sian =
2
4
1+ tan* —
400. seca= =+4/1+tan’ o =
cos QL 2 &
1—tan™ —
2
o
1+ tan® —
401. csca=— =+Jl+cot’o=— 2
sin o o
2tan—
2
B2,85 9 goa Laily)

4.9 Addition and Subtraction Formulas

402. sin(a+p)=sinacosP+sinPcosa

2
=
~— —
R
I
~et
Il
2.
=S
K
O
o
7
™=
I
2.
=S
™
O
o
w
K

)

403. )
404. cos(a+B)=cosacosP—sinasinf

)

405. cos(a—P)=cosacosP+sinasinf’
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tana +tan[3

406. tan(oc + [3)=

1-tanatanf3

407. tan(oc—B)= tane—tanh
1+tanatan[

408. cot(oc+[3)= LR

tana +tanf3

1+ tanatanf3
tano —tan[3

409. cot(oc = B)=

aglj plp 9o bl

4.10 Double Angle Formulas

410. sin2c=2sin & -cosa

411. cos2a=cos’a—sin‘a=1-2sin‘a=2cos’a—1

2tan o 2
412. tan2a = =

l-tan" o coto —tan o

cot’a—1 cota—tan o
413. cot2a= =

2cot o 2
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wolj plp 2> Ly,

4.11 Multiple Angle Formulas

414,

415.

416.

417.

418.

419.

420.

421.

422.

423.

424.

. . . 3 2 . « 3
sin3c=3smao—4sin"t=3cos oSN —sin” ¢

. . . 3
sin4c.=4sin o.-cos oL —8sIn” ¢ -COs ¢t

sin 50 = 5sin o — 20sin’ o+ 16sin’ o

cos 30, =4¢0s’ oL —3¢0s &L= OS> oL —3¢os o - sin” o,

cos 40, = 8cos’ o —8cos‘ a+1

cos 5a,=16¢c0s’ ot —20cos’ oL +5¢c0s L

3tan o.—tan’ o
tan 3o =

1-3tan’«
4tan o.—4tan’ o
tan 4o = > 5
1—-6tan“ o+ tan” o
tan’ o.—10tan’ oo+ 5tan o
tan 5a. = 7 3
1-10tan" o+ 5tan” «
cot’ o —3cot o
cot 3o = ;
3cot"a—1
1—6tan” o+ tan® o
cotdo =

4tan oo —4tan’ o
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1-10tan’ o+ 5tan”
425. cot5a= an @ an @

tan’ o —10tan’ oo +5tan o

aglj caas lallg,

4.12 Half Angle Formulas

.o 1—cos o
426. sm—=i117
2 2
o [1+cos a
427. cos—=% | ———
2 2
o 1—cosa sin ¢ 1—cosa
428. tan—==% = = =csco—cot o
2 I+cosa 1+cosa sin ¢
o 1+cos o sin o 1+cosa
429. cot—== = =— =csc o+ cot o
2 l-cosa 1—cosa sin o

49lj s SlEE slog ol

4.13 Half Angle Tangent Identities
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l—tan?'g
431. cosa= é
1+tan”—

2

2tang
432. tan 0L=—2OL
1—tan®—
2

l—tanzg
433. cotq=— 2

2tanE
2

Cpo b Sllte ld)le s
4.14 Transforming of Trigonometric
Expressions to Product

434. sina+sinf=2sin 7 cos

2
; : a+pB . a-PB
435. sina—sinf3=2cos sin
2 2
o+ a—P
436. cosa+cosP=2cos cos
2 2
. +p . 7=
437. cosoc—cos[3=—231noczBsm(xzB
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438.

439.

440.

441.

442

443.

444.

445,

446.

447.

olilte ¥ Jad CHAPTER 4. TRIGONOMETRY

sin{o +
tan oc+tan[3=ﬁ
cosa-cosf3
sin{o —
tan a—tan[B:ﬂ
cos a-cos 3
sin(f} +a
cotoc+cot[3=.(ﬁ—.)
sin o - sin 3
sin(f—a
cota—cot[}=#
sin o - sin 3

cos L+ sin oL =+/2 cos(%—oc} = ﬁsin(g+a]

cosaL—sinoL=+/2 sin(g— oc) = «Ecos(g+ OLJ

cos{o—
tan oc+cot[3=—(—.B)—
cos o -sin 3
cos(a +
tan a—cotﬁ=——( .B)
cos ¢ -sin 3

o
l+cosa= 2C0825

. o, O
1—cosa=2sm25
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448. 1+sina= 2cosz(£—g]

2
449. 1-sina=2sin} 2-<&
4 2

o 4 Slilte clo)le Joas
4.15 Transforming of Trigonometric

Expressions to Sum

450. sino-sinP= cos(o— B);cos(a +B)

cos(a - B)+ cos(oc + B)
2

451. cosa-cosP=

452. sinc-cosp= sin(on—[})-;- sin(a +B)

tan o+ tan 3

453. tano-tanf=
cot o+ cot 3

cota+cot
454. coto.-cotp= P

tan oo+ tan 3

tan a+cot 3

455. tana-cotf=
cota+tan 3

a7
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Slie @y clolys

4.16 Powers of Trigonometric Functions

456.

457.

458.

459.

460.

461.

462.

463.

464.

465.

. 2 1—cos2a
sin" g0 =———
2
.3 3sin o —sin3a
sin” oL =
4
. d cosda—4cos2a+3
sin” o=
8
- 10sin & — 5sin 3o + sin 5o
sin’ o=
16
. 6 10—15co0s 2a. + 6¢cos 40 — cos 6a
sin” o=
32
) 1+ cos 2a
cos qg=—-——
2
3 3cos o+ cos 3a
cos’ =
4
7 cos4a+4cos2a+3
cos o=
8
o 10cos a+5sin 3o+ cos 5a
cos o=

16

6 10+15cos 2a+ 6cos 4o+ cos 6
cos o= 32
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Sl @los (y9)ly slaylages

4.17 Graphs of Inverse Trigonometric
Functions

466. Inverse Sine Function _uguw o 49l

g T . T
y=arcsinx, —1<x<1, ——<arcsinx < —.
2 2

T
) y = arcsin x

£5 U< Figure 66.

467. Inverse Cosine Function wsuwS @b o)l
y=arccosx, —1<x<1, 0<arccosx=<m.

L
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y = ar¢cos x

|
|
|
|
|
|
|

£Y Js  Figure 67.

468. Inverse Tangent Function cslsb &6 o9)ls

T i
y=arctanx, —0o<x<o0, —E<arctanx<5.

N A

A JSS Figure 68.

100
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470.

olilio ¥ Jad CHAPTER 4. TRIGONOMETRY

Inverse Cotangent Function cil3ls ab ()l
y=arccotx, —o<x<o0, 0<arccotx <m.

y = arccof x

A JS% Figure 69.

Inverse Secant Function — cilSw &b y9,lg

y=arcsecX, X € (— 00, — l]u [l,oo), arcsecX € |:0,

¥

T

(EEE— -

1
)| e
o
-

V. K& Figure 70.

101
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471. Inverse Cosecant Function cslSus ob )

y=arccscXx, X € (— 00, — l]u [l,oo), arccscx € l:— %, OJU(O,

y

A

y = arccsc x

vy UG Figure 71.

4.18 Principal Values of Inverse s Lol b
Trigonometric Functions il wlgs

472. ﬂ ﬁ
2 2

1
X 0 —
2
arcsinx | 0° 30° 45° 60° | 90°
arccosx | 90° 60° 45° 30° | 0°

1| 2| 3
X -—— | - | -——— | -1
2 2 2
arcsinx | il 45° | —60° | W
o] (o]
arccosx 120 135° 150° 120
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x 0 ? L | V3 | =22 -1 |-+3
— 459
arctanx | 0° | 30° | 45° | 60° | —30° —60°
arccotx | 90° | 60° | 45° | 30° | 120° 135° 150°
4.19 Relations between Inverse ), ... L.,
Trigonometric Functions il ol

474.

475.

476.

477.

478.

479.

480.

481.

arcsin(— x)= —arcsinx

s T
arcsinx = 5 —arccosx

. 2
arcsinx =arccosvl—-x", 0<x<1.

arcsinx = —arccosv1l—-x*, —1<x<0.

. X
arcsin X = arctan , X <1,

1-x°
. 1-x°
arcsinX = arccot , 0<x<1
X
. 1-x*
arcsinx = arccot -n,—-1<x<0.
X

arccos(— X)= T—arccosx
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m .
482. arccosx= 5— arcsinx

483. arccosx=arcsinvl—-x*,0<x<1.

484. arccosx=m—arcsinvl—-x>, —1<x<0.

I—x?
485. arccosx =arctan , 0<x<1.
X
T—x®
486. arccosx=m+arctan , —1<x<0
X
X —ligxgi
487. arccosx=arccot % Mikas x=1,
1-x
488. arctan(—x)=—arctanx
s
489. arctanx= 5 —arccotx
490. arctanx=arcsin
i+x*
1
491. arctanx=arccos =, X >0.
1+x
1
492. arctanx=-—arccos =, X <0.
1+x
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T 1
493. arctanx= 5— arctan—, x> 0.
X

e 1
494. arctanx= —E—arctan— , X<0.
X

1
495. arctanx=arccot—, x>0.
X

1
496. arctanx=arccot——m, x<0.
X

497. arc cot(— x)= m—arccotx

m
498. arccotx= 5 —arctanx

[—

499. arccotx=arcsin

,y X>0.
2

[a—
+
e

[—

500. arccotx=m—arcsin

, X<0.
2

[a—
+
b

501. arccotx=arccos

1+x°

1
502. arccotx=arctan—, x>0.
X

1
503. arccotx=m+arctan—, x<0.
X
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4.20 Trigonometric Equations st sl

Jo8" 50 Whole number: n

504. sinx=a, x=(— 1)Il arcsina+ mn
505. cosx=a, x=xarccosa+27mn
506. tanx=a, x=arctana+nn

507. cotx=a, x=arccota+nn

(Foie) SIgpmle alys Ly,
4.21 Relations to Hyperbolic Functions

29290 3>lg Imaginary unit: i

508. sin(ix)= isinhx
509. tan(ix)= itanhx

510.

O
)
—+
—
=
I
s
O
o
P
=
b

)
511. sec ix)= sech x
)

(
512. csc(ix
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kilueis 9 ko yile  Chapter §
Matrices and Determinants

Matrices: A, B, C e 5lo
Elements of a matrix: a;, b, a;, by, ¢ omle polic
Determinant of a matrix: detA — omrle (lise
Minor ofan element a;: M;  aic & o8

Cofactor ofan element a;: C;  paic G o paen

Transpose of a matrix: AT, A e plo S5 o3y
Adjoint of a matrix: adjA w5l S Sl

Trace of a matrix: tr A w5l <5 () bd,

Inverse of amatrix: A~ 5l & 9)ls
Real number: k  _ids sic
Real variables: x; _igs clo i

Natural numbers: m,n L sl

5.1 Determinants kil

513. Second Order Determinant g3 45,0 Lo 5>

a1 1
detA= =ab, —a,b,

a

2 2
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514. Third Order Determinant  sgm 45,0 ylue,id
a;, dp Ay
detA=la, a, a,|=aa,a,+aa,a,+aa,a,—
3, a3 Ay

—a;,8,385, —a,,8,,85; —a,38,,83

515. Sarrus Rule (Arrow Rule) (5, 01cl8) ywg)lo oacls

Yy JS%  Figure 72.

516. N-th Order Determinant N as,e ;\lise

8y By s By a,

oy Bgpy oo By a,
detA=

4, ap Ay .o Ay

Uy By oo By o By

517. Minor #
The minor M;; associated with the element a;; of n-th order

matrix A is the (n—l)-th order determinant derived from
the matrix A by deletion of its i-th row and j-th column.
Joas b )5 ol (N-1) asye e ps S A PIN ads0 Ly ile jj i b lapo Mj 25

Ml o Cand w pl ] g g pl T jlaw s b a8 cul A il
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518. Cofactor woyrae2
C;=(-1)""M;

ij
Pl N adpe lse > (WY baus
519. Laplace Expansion of n-th Order Determinant
Laplace expansion by elements of the i-th row

$ : i be b, LY Lo
detA:ZaijCija1=1,2,...,n. pI ) o NG ol ?

j=1
Laplace expansion by elements of the j-th column

: 1] gt polis b oY Loy
detA=>a,C;, j=12,...,n. pl) g polis b Y bawy
i=1

el 53 (sl 25
5.2 Properties of Determinants

WS (03 S Ol 5 ke 398 oge bnjlaw (sl 4 Lo 5 ledgie (sl 4 b jlaw 5]

520. The value of a determinant remains unchanged if rows are
changed to columns and columns to rows.

a, a,| la, b

b, b, fa, b,

S o s g Cadle g bl (5 93 L) o 33 51

521. Iftwo rows (or two columns) are interchanged, the sign of

the determinant is changed.

a, b a, b
b2 lbl

asl o b plyy (line 35 jlade il plyy w2 L (g 9 L) sl 95 )51
522. Iftwo rows (or two columns) are identical, the value of the
determinant is zero.

a; a

1 1 _

2 2

a a

2

=0

a, a,
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Db (o0 iy plad p3 g e > igh Ly S e copd Sy 3 (i b) slaw ja polis ]
523. If the elements of anyrow (or column) are multiplied by
a common factor, the determinant is multiplied by that

factor.
ka, kb, i b,
a, b, - a, b,

524. If the elements of any row (or column) are increased (or
decreased)by equal multiples of the corresponding elements
of any other row (or column), the value of the determinant

is unchanged. o ol 5y b (5 b) shaw o pols )3

+kb, b
S e ctigh (e L ) o 3503 (o5t b) Sl
a2+kb2 bl uS . Lwo)J.)
. 6 > O

a

1 bl
2 b2

a

5.3 Matrices L

ol g N g o M L (plgs b dlacl) polic ;I Llatus (ol 41, M*N skl LA s il G 1ty
525. Definition
An mxn matrix A is a rectangular array of elements (num-
bers or functions) with m rows and n columns.

ay A a,
a a a
21 2 9n
A=la,]- , :
j
_aml am2 amn_

526. Square matrix is a matrix of order nxn.

A8l o lize ol Jlad 4y Cos iy @7 ST Canl )lite [A5] (riye e yile
527. A square matrix [aijJ is symmetric if a; =ay, le. it is
symmetric about the leading diagonal.
A3k A=-aj ST cunl ) laesly [A] aye e le

528. A square matrix laij] is skew-symmetric if a; =—a.
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Sl sho ol 8 (55, yolie 2 4 o) polie (colod &S 295 (oo S g ilo 41 gy L yilo
529. Diagonal matrix is asquare matrix with all elements zero
except those on the leading diagonal.
Al Sl ol ol b (5, polie olad 45 355 o a2iS (glad s yilo 4 22y o yilo
530. Unit matrix is a diagonal matrix in which the elements on
the leading diagonal are all unity. The unit matrix is
denoted by I 29 o0 o_bb ol Iy »‘9 o ylo
Sl jio plp ol polis (ooles 45 29 (oo dLS (g plo 4 o ile
531. A null matrix is one whose elements are all zero.

s plo Slilas
5.4 Operations with Matrices

532. Two matrices A and B are equal if, and only if, they are both

of the same shape mxn and corresponding elements are
equal.

51 skl 45dls M*N Gy IS0 55 50 0811055 5 o815,5 (52,85L) g ol (on ) B 5 A e
533. Two matrices A and B can be added (or subtracted) of, and
only if, they have the same shape m xn . If

au au aln
a a a
21 22 2
A= [aij]= 5 3 .n ’
_aml amZ amn_
b11 b12 bln
b b b
21 22 2
B= [bij]= % % on b
b, by, ... b
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then ol
a, +b11 . +b12 o By +b1]n
ST i +by @ptby e By, +by,
| A, Py B TPy e By +bmn_

olS5T 15l o glo A=[ay] 5 Sl k 31
534. Ifkisascalar,and A= laij] is a matrix, then

[ ka,, ka, ... ka, |
1A = [kai].]= ka:21 ka:zz kazn
_kam11 ka , ... kamn_

535. Multiplication of Two Matrices o5l 92 ©ro
Two matrices can be multiplied together only when the
number of columns in the first is equal to the number of
rows in the second.sliw a5 5,5 Cpd w2 2 (g (o Kb ki ) juple 9

b ol pgd Ly ple gla law s b cunss | o (slyigiw

I If
all a12 aln
a a - |
21 22 2
A=[ai.]= 5 ¢ .n ’
) 2 . .
| ml am2 amn_
11 12 blk
b,, b b
21 22 M 2k
B= [bij]= 5 5 5 ’
b, b, ... by
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o5l then
C11 C12 Clk
C C wie €
21 22 2k
AB=C=| ) A
_bml Cm2 ka_

ol » &S where

=a;b,+a,b, +...+a,b, =D a;,b,.
P

in ~ nj

(1=1:25sm 3= L Zieea k)

Steelyl Thusif

o551 then

a a a
11 12 13
AB = 2
a a a

21

1
_ [allbl a12b2 a13b3
a21b1 a22b2 a23b3

536. Transpose of a Matrix (.5l o3l
If the rows and columns of a matrix are interchanged, then
the new matrix is called the transpose of the original matrix.

If A is the original matrix, its transpose is denoted A" or
A ol il duse L ile oSl 05 (o9 L ile S slidgis g o slr S

.)9“: s odl> UL'”) A l.: OJLQ(J)J cJ.le 44..‘9 )Jl.a A )5‘ ..)9.\» s o_\f:.ol) d"'"ﬁ‘

537. The matrix A is orthogonal if AA"=1.
DWLSDOML’ Jolzio A uw).:Lo J..wlaAA =| )5‘

538. If the matrix product AB is defined, then
(AB)' =B"A". o551 g5 iy y25 AB s ilo sy S
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542,
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CHAPTER 5. MATRICES AND DETERMINANTS Lilie 5 ¢ b yilo & Juad

Adjoint of Matrix oo Sl
If A is a square nXxnmatrix, its adjoint, denoted by adjA,

is the transpose of the matrix of cofactors C; of A:
. Sl adj AL as o] Bldl sl n*n sl A 3]
ad]A=[Cij]T. & J : O b Pl 2
Aol o A 5! Cij Sl piad s yilo 0dlpdl 5 g o0 03D
Trace of a Matrix oyl (Umy5) by
If A is a square nxn matrix, its trace, denoted by tr A, is
defined to be the sum of the terms on the leading difgonal:
trA=a, +a,+...+a, . TALS Ol ows) b @b NN (e il A 3]
Aol 0 "j shol ylad cljle gaazme o 0 03 LS
Inverse of a Matrix w5l (9l
If A is a square nxnmatrix with a nonsingular determinant
detA, then its inverse A™ is given by

A=

If the matrix product AB is defined, then
(AB)'=B'A™.

If A isasquare nxn matrix, the eigenvectors X satisfy

the equation 5 (e 039l 1y pj abaly X 039 550 2L N*N (nyo 5o A 51
AX =2X,

while the eigenvalues A satisfy the characteristic equation

5.5 Systems of Linear Equations k> @Yol sle elsis

Variables: x, v, z, x,, X,,... L yuiito
Real numbers: a,,a,,a,,b,a,,a,,,... _ddi> sl

114



544,

OT)J&

545.

546.

CHAPTER 5. MATRICES AND DETERMINANTS lpilice 53 g Lo ylo O Juab

Determinants: D, D, D_, D, leglise 30
Matrices: A, B, X Ll

ax+by=d,
ax+by=d,’
D

D ! .
x=—%, y=—_ (Cramer’s rule), 1S oacld
kb e ( )y (oS 0acld)
where
al bl
D= =a,b, —a,b;,
aZ 2
dl bl
D = i b =db,-d,b,,
2 2
al dl
D = 2, d =ad,—ad,.

23,05 3 yi00 Ulga 0l5ud oKl il yao pue D S
If D#0, then the system has 4 single solution:

Dx - DY

—_— ’ —_—

D 77T D 55 Oy olSius ol il jao i (Dy L) Dy 5 45L 4io D 5]
If D=0 and D, #0(or D, #0), then the system has no

solution. )b Ol coles o olKiwd oKl i, D=Dy=D,=0 3
If D=D,=D =0, then the system has infinitely many

solutions.

ax+by+cz=d,
a,x+b,y+c,z=4d,,
a,x+b,y+c,z=d,

L (Cramer’s rule), (yol)S 01cld)
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ol 2«8 where

547.

548.

al bl CI dl bl C1
D=f, b, ¢l|,D,=d, b, ¢,
a3 b3 C3 d3 b3 C3
al dl CI al bl dl
D =ja, d, ¢,|,D,=]a, b, d,.
a.’) d3 C3 a3 b3 d3

23,05 3 ya00 Ulga ol5ud oKl il yao pue D S
If D# 0, then the system has a single solution:

Dx DY Dz
y Y= Z=—.
D D D

If D=0 and D, #0(or D, #0 or D, #0), then the system

has no solution. ..))‘A} u‘9> NESWR oliﬂ chul) ).0..0 )J& (Dy l.:) DX 9 .L.»L» ).o..a D )f]
If D=D,=D,=D,=0, then the system has infinitely

Dy Gl coles o ol o551 sl D=Dy=Dy=0 S

X=

many solutions.

Matrix Form of a System of n Linear Equations in
n Unknowns J}Q‘m n b u.‘a.> ddlxe N o Kwwd gwu);l.a J.iw
The set of linear equations s <¥sleo dcgoro

[a,x,+a,x,+...+a,x_=b,

a,Xx,+a,x,+...+a,x =b,

oooooooooooooooooooooooooooooooooooo

(8%, Fa K BB X =b

nl*"1 n2*"2 nn - n n

can be written in matrix form cuby b JS6 & oly o,

a11 a12 all'l Xl bl
a21 a22 a2n . X2 _ b2
. . . . - . b
a, a, .. a_}\x, b,
ioeo ‘_5.:\&'{
A-X=B,
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where ol

all a12 a'll'l Xl bl

a a | X b

21 22 2 2 2

A= . . .n ’ X= A B= s
anl an2 te ann Xn bn

Solution of a Set of Linear Equations nxn

X=A"'B, nN*n s oYoleo 5l ¢l dcgomo Jo
where A" is the inverse of A.

-1 -
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$ Jad Chapter 6
)by Vectors

Vectors: 4, Vv, W, T, A_)B, e by

Vector length: [G], [V],...  bop Job

Unit vectors: i, j, kg claylsy

Null vector: 0 ao

Coordinates of vector 1i: X, Y,, Z, )by olai>e
Coordinates of vector v: X,,Y,,Z, 5, claie
Scalars: A,1  la JISl

Direction cosines: cosa, cosf, cosy (o huwguns
Angle between two vectors: 0 oy 90 oleo 49.9‘}

6.1 Vector Coordinates  )br clas

550. Unit Vectors ssly clayyy
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X4
5
Yy K& Figure 73.
552. [f|=|AB|=y/(x,~ %, F +(y,~ v, ) +(z,~2, )
S NCo{ N

553. If AB=7,then BA=-F.

B

i.
A _r

V¥ | Figure 74.

5564. X= ‘Flcosoc 5
Y=‘i"‘cos[3 ,

Z=]F‘cosy.
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Yo S Figure 75.
Ky oI5|
555. Tf 7(X,Y,Z)=7,(X,, Y, Z, ), then

X=X,Y=Y,,Z=Z,.

6.2 Vector Addition  «by e

§66. w=1+vV

N W Figure 76.
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Yy JS& Figure 77.

YA U Figure 78.

558. (Eonlmlitative Law Spdbols gl
i+v=v+1u

559. Associative Law Sy <50 096
(G+V)+w=t+(V+W)

560. i+v=(X,+X,,Y,+Y,,Z +Z,)
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6.3 Vector Subtraction &b, s,s

561. w=u-vifv+w=d.

A+ Js  Figure 80.

562. i-v=i+(-V)
563. i—-i=0=(0,0,0)
564. [0)=0

565. i-v=(X,-X,,Y,-Y,,Z -Z,),

6.4 Scaling Vectors ,bx o5 Ax a2

§66. w=>\u
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u
w =AU w = AU
A< 0 A>0

M S5 Figure 81.
567. |w|=|r[d]
568. Ati=(AX,1Y,LZ)
569. A=tk
570. (A+p)ti=Ard+ i
571, fuii)=p(2i)=(ru)i

572. MU+V)=ri+Av

6.5 Scalar Product jsuic,.

573. Scalar Product of Vectors 4 andv Vg U slaybp JSwl o
-V =[] cosb,
where 0 is the angle between vectors t andv.
Lol V s U L;Lm)bﬁ ul.m 4:{9\)' L C)T 5 &S
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Y

u

AY Js&  Figure 82.

574. Scalar Product in Coordinate Form <laisw JSG 50 JSwl oo
S Ifi=(X,,Y,Z,), v=(X,,Y,,Z,), then oSl
iv=XX,+YY,+ZZ,.

575. Angle Between Two Vectors )by 93 ole 4lj
S Ifa=(X,Y,Z,), v=(X,,Y,,Z,), then ol
XiXs +Y, Y5 + 2,2,

VXY 2 X+ Y, 4+ 2]

cosO=

§76. Commutative Property .4 bols cusls
W-v=v-d

577. Associative Property — (nd &5 b Caols
(AtQ)- (uv )= huii - v

578. Distributive Property  ©pd @)y Cuols
i-(V+W)=6-v+d-w

§79. u-v=0ifu,v areorthogonal((%:g). Al delaze V g U )31

S
580. 1u-v>0 if0<9<5.
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583.

584.

585.

586.

el

cl

—)

la)ls,; & Jab CHAPTERS6. VECTORS

K

v<0 ifE<8<n.
2
¥ <[l |¥]

-Vz‘ﬁHV‘ if 4,V are parallel (6=0).

oS5

6.6 Vector Product sy ey

28k slge Vg U S|

587. Yecﬁor Eroduct of Yectors GandV  vau bbby )by wps
uxV=w, where ol &S

. ‘Vv(=‘ﬁ‘~‘ﬂ-sin8,where OSBSE;

2

I 9, o =
wld and w_LV;

Vectors 1, Vv, W form a right-handed screw.

L) oSSl 5,y g SGW VU sl
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G
AY K% Figure 83.
i j k
588. w=ixv=X, Y, Z,
X2 YZ Z2
Y Z X, Z| X, Y
589. w=ixv=|| ' -t Lo
YZ Z2 X2 ZZ X2 Y2

590. S=[ix7V|=[d|-[V|-sin6 (Fig.83) (Av Jsu)

591. Angle Between Two Vectors (Fig.83) (AY JS5) 53y 93 oo 45
uxv

sin@ = ———
[al-[¥

592. Noncommutative Property .4 bubs & cunls
ixv=—(Vxd)

§93. Associative Property cpl oS ,0 conls
(At )x (v )= huii x ¥
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595.

596.

597.

l_a,)bﬁ i u““’ﬁ CHAPTER 6. VECTORS

Distributive Property (spd ®jy cuols
Ux(V+W)=txvV+ixw

Cl
<il

x¥v=0 if 4 and V are parallel (0=0). 3l jlge V 5 U 3]

6.7 Triple Product s 4.0

598.

599.

600.

601.

O])J‘\f

602.

Scalar Triple Product A5l &6 4w 050
[ivw]=td-(VxW)=v-(Wxi)=w-(ix¥V)

] ] (]
kii- (v x w)=k[ivw

Slaize G5 0 JSwl G5 aw 0o
Scalar Triple Product in Coordinate Form

Xl Yl Zl
i-(vxw)=X, Y, Z,|,
X3 Y3 Z3

where
ﬁ=(X1’Y1’Z1)’ \7=(X2,Y2,Z2), W=(X3,Y3,ZS).

Volume of Parallelepiped zokudl (gjlgie poe>
=[d-(Vx W)
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s

f /
"/
P
/

'

=
AY K5 Figure 84.

603. Volume of Pyramid PITEIN
V= %\ﬁ (¥ x W)

_ Ay K& Figure 85.

SV i) )i 5 Ay 48 (6] 655 & ol dad dtuly W 5 V U cslanyla s olSS]
604. If ﬁ-(Vx VV)=0 , then the vectors i, Vv,and w are linearly

dependent , so w=AtU+uv for some scalars A and L.

605. If ﬁ-(Vx Vv)# 0, then the vectors 1, v,and w are linearly
independent. Kl s i W g V U glayls s oSS
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606. Vector Triple Product «)l2» 46 4w oy
ix(Vxw)=(i- W)V —(i-v)w
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S awdi - Analytic Geometry

S SO Slaie olKiws
7.1 One-Dimensional Coordinate System

Point coordinates: X,, X;, X5, Vo> V1> Vs dhai Slaise
Real number: &, &8> dis
Distance between two points:d 4k > (ke alolé

607. Distance Between Two Points 4k 95 ;e alold
d=AB=[x,-x,|=|x,—x,|

N s Figure 86.

608. Dividing a Line Segment in the Ratio A 1Y ¢ 4y b3 0, § (o
X +ix, ., AC

X, = y A=——, A#—1.
1+ 4 CB
C(xy) C(xy)
- o ' - X ' | o—»X
A(X,) B(x,) A(X,) B(x,)
A>0 L<0

AV US55 Figure 87.
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609.

Midpoint of a Line Segment L o, S, ails abais

X, +X

S 90 Slaiw olSuws

7.2 Two-Dimensional Coordinate System

610.

Point coordinates: X, X,, X,, Vo> V5 ¥, 4bi Olaike
Polar coordinates: 1, a8 Glaise

Real number: & _asds sae

Positive real numbers: a, b, ¢, coie _ids slacl
Distance between two points:d 1.5 5> ke alols
Area:S caleo

Distance Between Two Points 4k 35 (jle dlold
2 2
d=AB= \/(Xz _Xl) + (Yz _Y1)

¥

B(x,, ¥,)

A(X‘]: y1)

M K5 Figure 88.
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611. Dividinga Line Segmentin the Ratio & |5 cous 4 s o)l S punis

%X+ Ax, y, + Ay,
on— 0=4’
1+ A 1+ A
x:ﬁ, A#E—1.
CB
y

A>0

A K& Figure 89.
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y
C(XO’ yD)
Big y) -~
AX,, ¥y)
0 X
A<0

3. JKs Figure 90.

612. Midpoint of a Line Segment L3 o)L G ailo dlaii

X, +X +
X, =1 2’Y0=Y1 Yz’x=1.

2

dto (wlo Lokt ablis) oSl 5
613. Centroid (Intersection of Medians) of a Triangle

% _X X, X, _YitY,tys
0 y Yo~ ’
3 3
ol » & where A(x,,y,), B(x,y,), and C(x,,y,) are vertices of
the triangle ABC. Al 0 ABC cdis (slo aisgS bl
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Ay S5 Figure 91.
edio (sblgs (sbyjluess dblis) (bl oyls 3550
614. Incenter (Intersection of Angle Bisectors) of a Triangle
« _ax, +bx, +cx, _ay, +by, +cy,
’ a+b+c ’ a+b+c
ol &S where a=BC, b=CA, c=AB.

Ay JSs  Figure 92,

134



o5 dwsin Y Juad CHAPTER 7. ANALYTIC GEOMETRY

i (EMS] 5 3gas sl wiloo gholis) oo oyl 35 5o
615. Circumcenter (Intersection of the Side Perpendicular
Bisectors) of a Triangle

X[+y; v, 1 X, X4y 1
4y, ¥, 1 X, X;+y; 1
% =X§+Y32 ys 1 =X3 X§+Y§ 1
" Xy, 1 ' To X, v 1
2x, ¥y, 1 21x, y, 1
X; ¥ 1 X; ¥; 1

y

Ay s Figure 93.
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e [ o | @bl b5 5
616. Orthocenter (Intersection of Altitudes) of a Triangle

Y1 X2X3+Yf 1 X3+Y2Y3 x, 1
Y: X3X1+Y§ 1 X§+Y3Y1 x, 1
. R x1x2+y§ 1 v _X§+Y1Y2 X, 1
ook T ko 1
X, v, 1 X, ¥, 1
X; ¥, 1 X; y; |1
y
_B(x, ¥,)
A(x,, ¥,)

¥ S Figure 94.

617. AreaofaTriangle <dio colue

1R 1 1%, T3
S=(t)=]x, vy, lU=(x)=[* ' * 7
2 2 X=X, Y7

X3 Y3
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618. Areaof a Quadrilateral lo)ks colue
1
S= (i)g [(Xl _X2XY1 +Y2)+ (Xz —X; XYz +Y3)+
+(X3 _X4XY3 +Y4)+(x4 _X1XY4 +Y1)]
y

B(X, ¥,)

Alx, ¥,)

Clx;, y)

D(xou yo)

A0 Jss  Figure 95.

Note: In formulas 617, 618 we choose the sign (+) or (-) so

that to get a positive answer for area.
Al e Coluns Olea Ul 00,8 Qe 1y (=) b (+) slegoMe VA 9 £VY Laslgy 5o il

619. Distance Between Two Points in Polar Coordinates
d=AB= \/rf +1,] =211, cos(p, — @, )
kb Elatsen )3 abaii g3 e Alold
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B(r,, ¢,)

¥ J&s  Figure 96.

620. Converting Rectangular Coordinates to Polar Coordinates
X=TCOsQ, y=rsin@. ks claske 4 )5 Slaske s

y

Ay & Figure 97.

621. Converting Polar Coordinates to Rectangular Coordinates

r=1fX2+Y2,tan(p=Z. u)f)lfuLMuauJaﬁuLa.omJ;M
X
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7.3 Straight Line in Plane  wis 5 it ks

Point coordinates: X, Y, X, X, X5 V> V> 85 @y5+0r dbtl Olaie
Real numbers: k,a, b, p,t, A, B,C, A, A,, ... &>l
Angles: o, B Llg;

Angle between two lines: ¢ b3 9> ol 5

Normal vector: i (39e=) Jboy )3,

Position vectors: r, a, b oo sy

622. General Equation of a Straight Line <y b3 (IS able
Ax+By+C=0

623. Normal Vector to a Straight Line  coul, ks 5 dgee b5
The vector ﬁ(A, B) is normal to the line Ax+By+C=0.

oom AX+By+C=0 1278 2 Oges n(A,B) )l.)).g
y

n (A, B)

A\ IS5 Figure 98.

624. Explicit Equation of a Straight Line (Slope-Intercept Form)
y=kx+b. (lae 51 2y JS3) sl Lo o elolno
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The gradient of the lineis k=tan . U cwl plp b o

y
b
o
0 X
a3 s Figure 99.
625. GradientofaLine L3> cud
k=tano=Y2"Y1
X, X
Yy
X

Ve« IS5 Figure 100.
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s o 5 abi S b bis dsles
626. Equation of a Line Given a Point and the Gradient
y=Y, +k(x—x,),
where k is the gradient, P(x,, ¥, ) is a point on the line.
&wlwkoi)aﬁ Gl b3 g9y 0 (gl dlais

V) K& Figure 101.

627. Equation of a Line That Passes Through Two Points
3,35 oo dlai 9> 3l aS o dlolee

b S
Yi—h *%3—%
or |

..Y :
X, vy, 1=0.
X, Y, 1
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-y s Figure 102,

628. InterceptForm ..l Job s jo,e JS3

X, ¥_,
a b

y

b

0 a X

VoY K& Figure 103.
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629. Normal Form b3 y3ses SO
xcosP+ysinB—p=0

y

X
VoY K& Figure 104.
630. Point Direction Form 4k (b JSb
X% N
X Y
where (X,Y) is the direction of the line and P(x,,y,) lies
on the line.

Cowl b3 59y p (gl dais Pl(Xl,Yl) g b3 oola (X,Y) OT DS
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y
N)
(e
P(x,, ¥,)
0 X

V.Y s Figure 105.

631. Vertical Line
X=a

$dg0s b3

632. Horizontal Line 3 L3

¥ =

633. Vector Equation of a Straight Line <wly s gy dsle
f=d+tb,
where .l 5 u ! Olaise e O

O is the origin of the coordinates, )
g :wlbd”ﬁwdb_@ftbx

)f .is any var.igble point on the line, sl L gy 1 A fypn dlail s oy @
a is the position vector of a known point A on the line ,

b is a known vector of direction, parallel to the line,
t is a parameter, ol yialyb b ol b3 b (gilge s opmro )b b

r =0X is the position vector of any point X on the line.
ol S 69)).3)( dlas; P u&.ﬁ )‘Jﬁ R=0X
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Y
b
TT—
"m___‘_‘- A
X
a 3
0 X

V.5 JXs  Figure 106.

634. Straight Line in Parametric Form o)l S5 4y Caly b
x =i +tby
{y =a, +tb, ’
ol » S where

(x, y)are the coordinates of any unknown point on the line,
(a,,a, ) are the coordinates of a known point on the line,
(bv bz) are the coordinates of a vector parallel to the line,
t is a parameter.

ool b3 69y p Jgame abais ya Slaise (X,Y)
ool b3 g9y p opro (¢l das Glaise (A1,32)
ol el b Tl b3 (g5lge oyl laise (b1,b2)
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Y
e Ala; &) \b%
X
0
V.Y S5 Figure 107.
635. Distance From a Point To a Line bt U abads jl alols

The distance from the point P(a,b) to the line
AX+By+C=01is L cuwl ol Ax+By+C=0 Ls 5 P(a,b) ahis jl alold
i [Aa+Bb+C|

vA*+B?

/f‘*‘
4%

V-A )5 Figure 108.
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$Slge gl
636. Parallel Lines ki=ky 31 51 (c5lg0 Y=Kotbo 5 y=kix+b1 s 4
Two lines y=k x+b, and y=k,x+b, are parallel if

k,=k,.
. . 9
k3 9> Two lines Ax+By+C,=0 and Ax+B,y+C,=0 are
parallelif ¢ .,
A, B Sl ilse
A2 B2 .
¥

V-4 5 Figure 109.
selsto bghas
637. Perpendicular Lines 5151 dolaio Y=oty 5 y=kix+by s 4
Two lines y=k,x+b, and y=k,x+b, are perpendicular if

k, = _ki or, equivalently, k. k, =—1. (ol job & L
1

ks o> Two lines Ax+B;y+C,=0 and Ax+B,y+C,=0 are

perpendicular if KIRURWES
AA,+BB,=0.
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VY- K& Figure 110.

638. Angle Between Two Lines L3 g5 jlo 4yl
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o
Xx A
MLM

VW s Figure 111.

639. Intersection of Two Lines b 9 cbl&
ks 95 51 If two lines A;x+B,y+C,=0 and A,x+B,y+C, =0 inter-
sect, the intersection point has coordinates Olaie Wil dbli
_—GB,+C,B, _—AGC,+AC . 5 Gl O)le abolay dlads

T AB,—AB, " AB,-AB,

X0

7.4 Circle b

Radius: R &5
Center of circle: (a,b) opb 5
Point coordinates: X, y, X, V... dhi o

Real numbers: A, B,C, D, E, F,t i sl
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640. Equation of a Circle Centered at the Origin (Standard

JT«ZH']m)2 ” (3,l5kl JS3) shise 35 o 45 03l loles
X“+y =

4

- P(x, y)

WY S5 Figure 112,

641. Equation of a Circle Centered at Any Point (a,b)
(x—a) +(y=b)'=R*  (a,b) dais ,» 310 4 5,55 Wslxe
y

P(x, y)

0

VWY JS% Figure 113.
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642. Three Point Form b aw JS5

x+y’ x y 1
Xty Xy 1y
Xty X ¥, 1
X;+Y; X, ¥, 1
y
Alx;, ¥,)
| X
0

VWY K& Figure 114,

643. Parametric Form ¢l |3

x=Rcost
., 05t 2.
y=Rsint

644. General Form K Js Sy
Ax’+ Ay’ +Dx+Ey+F=0 (A nonzero, D’ + E* > 4AF).
The center of the circle has coordinates (a, b) , Where

a:-R’ bz—i. L'j 2 aS 3y (a,b) claske. 01> S se
2A 2A
The radius of the circle is

il cwl ale o ply glais
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2 2
Rz\/D +E’ —4AF
2/A|

7.5 Ellipse _a.

645.

Semimajor axis: a )9 4o

Semiminor axis: b 9 4

Foci: F(-¢,0), F(c,0) Logls

Distance between the foci: 2¢ kisls (jle alold
Eccentricity: e ¢3S0 5l 295

Real numbers: A,B,C, D, E,F,t &> sl
Perimeter: L |, =,

Area:S coluwe

Equation of an Ellipse (Standard Form)  (s,lulul &) (o dlsleo
2 2
a® b’

Vo JK& Figure 115.
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646. r +r,=2a,
where 1, r, are distances from any point P(x,y) on
the ellipse to the two foci. |, P(x,y) ahai o ol 2 11 ol 5 &S

y Al g0 (e Al 93 U pin (<o)

P(, y)

VV# s Figure 116.
647. a’=b’+c’

648. Eccentricity <ojS e jl g9
e="<1
a

649. Equations of Directrices  Lesls sl

2
x=+2-42

€ C

650. Parametric Form el JS
{x =acost

L 0<t<2m.
y =bsint
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651.

UT ).) 4§
652.

L')‘ )J‘\f

653.

654.

655.

General Form
Ax*+Bxy+Cy’+Dx+Ey+F=0,
where B*—4AC<0.

Olaisie slaysome b (silge slojge b (goges JS
General Form with Axes Parallel to the Coordinate Axes

Ax*+Cy’+Dx+Ey+F=0,
where AC>0.

Circumference .o

L=4aE(e), il pgd g5 JolS (gt JISHIE o6 ] 5 &8
where the function E is the complete elliptic integral of

the second kind.

‘ Lo sl (0,8 sladgerd
Approximate Formulas of the Circumference

L= n(1.5(a +b)— \/E),
L=1t@/2‘a2+b2 )

S=mab

7.6 Hyperbola _ji»

Transverse axis:a (+2)5 j9ow

Conjugate axis:b 950 90

Foci: F(—¢,0), E(c,0) kogls

Distance between the foci: 2¢  Lgls' Lo alols
Eccentricity: e cojS e 5l g9y

Asymptotes: s, t  Cobre bglas

Real numbers: A, B, C,D,E,F, t,k &> sl
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(5,5 JSi5) Il alslo
656. Equation of a Hyperbola (Standard Form)
2 2
N I
a’ b’
4

VW s Figure 117.
657. ’rl—r2‘=2a,

where 1, 1, are distances from any point P(x,y) on
the hyperbola to the two foci.

sl SIS dlais 93 b Jolim coy po P(X,Y) dlai po fuolgd Iy oF1 ol 3 a5
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WA s Figure 118.

658. Equations of Asymptotes Cibxe baks (sla alee

y=%f—x
a

659. c'=a’+b’

660. Eccentricity oSy il zgys
¢
e=—>1
a

661. Equations of Directrices ¢l Lhs b doles
2
x=t2=12
e c
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Join casly 48L5 (g eyl (sl Alslas
662. Parametric Equations of the Right Branch of a Hyperbola
{x =acosht

. , 0<5t<2m.
y=bsinht

663. General Form 5 K
Ax’+Bxy+Cy’+Dx+Ey+F=0,
ol &S where B°—4AC>0.
Olase slbyge sjlge loygme b (I S
664. General Form with Axes Parallel to the Coordinate Axes

Ax’+Cy’+Dx+Ey+F=0,
ol 3 aS where AC<0.

665. Asymptotic Form  colxe bghs b S5

2
(S

;g
Y 4
BT
o2 2
y=£,wherek=e—.
X 4

In this case , the asymptotes have equations x=0 and

y=0. ¥=0 5 X=0 3}l 15,le ilore bkt ¥k s oyl 5
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V)4 & Figure 119.

7.7 Parabola

Focal parameter:p 595 sl)b
Focus:F s
Vertex: M(xo,yo) o)y dads

Real numbers: A, B, C,D, E,F,p,a,b, ¢ _dés sl

666. Equation ofa Parabola (Standard Form) (s,lulel &) egew doles
2
y =2px
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667.

-p/2| 0\ p/2

V. U Figure 120.

Equation of the directrix  csla L3 dsles
%

X=——,
2

Coordinates of the focus (9l Slaise

)
2
Coordinates of the vertex ) 4t Glai>e

M(0,0).

General Form S JSw
Ax*+Bxy+Cy’+Dx+Ey+F=0,

ol &S where B*—4AC=0.

668.

2
=ax", p=—.
Y p 74

Equation of the directrix  ¢sla b3 dbsleo
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=P
M 5’

Coordinates of the focus  pl5 Claixe

F(O, BJ,
2

Coordinates of the vertex ., abat &l
M(0,0).

p/2 F

-p/2
WY K5 Figure 121.

669. General Form, Axis Parallel to the y-axis Y ;55 (¢jlg0 y95ro ( IS S5
Ax’+Dx+Ey+F=0 (A,Enonzero), (o ,¢E A)

y=ax2+bx+c, p=i.

2a
Equation of the directrix (sl las dslso
P
¥Y=% L

Coordinates of the focus 3l Claise
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F(xo,y0+-§}

Coordinates of the vertex ) dht) claise

b 5 4ac - b’
——, Y, =ax, +bx, +c= :
2a 4a

Xo =

WY JSs Figure 122

S dw Slaibw olKuwd
7.8 Three-Dimensional Coordinate System

Point coordinates: X, ¥, Zg> X;» Vi» Zys ovr 4ol Slaie

Real number: 3. (s> das

Distance between two points:d 4k 93 \le adlold
Area:S colwe

Volume: V. >

161



o awdin Y |28 CHAPTER 7. ANALYTIC GEOMETRY

670. Distance Between Two Points  ahi g3 \le alols
d=AB=y(x,—x, ) + (y,- v,/ +(z, 2, )

z

B(xz, y?_,zz)

A(x1,y1,z1)

X
WY S Figure 123.

671. Dividinga Line Segment in the Ratio 2. 15V coud 4 bs o)l S ppnss

_x1+?\‘x2 _Y1+7\4Y2 _Zl+?\,Z2
XO_ )YO_ ’ZO_ b
1+ A 1+ 4 1+ A

ol » &S where

7\,=£, Ki_lo
CB
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B(x,¥,:Z,)

A>0

WY S Figure 124.

Z
C(Xo%’zo)
B(xz,yz,z2)/ L™ r
A(X‘Vva?/
/10
X
A<0

VYo K5 Figure 125,
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672. Midpoint of a Line Segment Ls o,L G Sle aai
= Yit¥s

673.

674.

X0:

2

X, -|'X2

b

2

Area of a Triangle cudio colue

The area of a trlangle with vertices P,(x,,y,,2,),

Z,+z
b 0:

2,}\¢:1o

P,(x,,¥,:Z, )5 and P,(x,,¥5,Z, ) is given by Muﬁw)‘bf} sy b

2

z;, 1 |z; x4

z, 1 +Z, =,

z, 1 |z, X,
ko)l >

Volume of a Tetrahedron
The volume of a tetrahedron with vertices P,(x,,7,,z,),

P, 7552, )5 P07 )s and P,(x,,¥,,z, ) is given by

Xl
2

11X
6 x,
X

4

V=1+—|x

2

X3

Note: We choose the sign (+) or

X, —

—X

§"
Y2
bE
Y

Xy

4

z, 1
z, 1
Zg 1’
z, 1
Yi™Ys 4
Y:7Ys Z:-
Ys=Ys Zj

answer for volume.

—Z

Z

—Z

12 X, Y, 12
I +x, vy, 1
I X vy 1

P b (ol po

o e s 45 el

4
4l
4

(—) so that to get a positive

o bl aie b cute ceode rcuilaaly
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z
D(x,.y,,2,)
Clx,.),.2,)
3’73773
Alx,.¥,.2.)
0 ¥
B(x,¥,,2,)
X
VW& s Figure 126.
7.9 Plane  «wuo
Point coordinates: X, ¥, Z, Xy, Vo5 Zg> Xy Vis Zyseve dbds laie

Real numbers: A, B,C,D, A, A,,a,b,c,a,a,, A,pyty.ee ads slael
Normal vectors: 0, 1}, i, (Jlo,) dgas (sbayls s

Direction cosines: cosa, cosP, cosy oo (clomwguns

Distance from point to plane: d axio b abis 5l alols

675. General Equationofa Plane  uin IS dbles
Ax+By+Cz+D=0
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676. Normal Vector toa Plane 4>do p (d90s) Jboy jbop
The vector 1 (A, B, C) is normal to the plane

Ax+By+Cz+D=0. -l axiio » (3502) Jloyy N(A,B,C) o

zZ

n (A BC)

e
&
Q¢0
)

WY & Figure 127.
oo dolre ol sl
677. Particular Cases of the Equation of a Plane
Ax+By+Cz+D=0

If A=0,the plane is parallel to the x-axis.-Cwl X js20 (s5lgo axaw A=0 3]
If B=0, the plane is parallel to the y-axis. .cwl Y js0 (5jlgo 4o B=0 S5
If C=0, the plane is parallel to the z-axis. .c..l Z 50 ¢5lge aiw £=0 3]
If D=0, the plane lies on the origin. )35 o e 5l axio D=0 31

If A=B=0, the plane is parallel to the xy-plane.

If B=C =0, the plane is parallel to the yz-plane.

If A=C=0, the plane is parallel to the xz-plane.
Cawl XY dxio (63lge axio A=B=0 3
Cawl YZ aio (gjlge dxio B=C=0 3
Cawl XZ dxivo (¢5lg0 dxio A=C=0 3]
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678. Point Direction Form  Ll, alag S5
A(X_x0)+B(Y_Yo)+C(Z_Zo):0’
where the point P(x,,Y,,z,) lies in the plane, and the vec-
tor (A, B, C) is normal to the plane.

Cawl axiis y (o) 508 (A,B,C) s, g ccunsl &8lg dxdo g5y P(Xo0,Y0,20) 4kt )l ;3 &
Z

n(ABC)

M(x y.2)

n.._\\_oxo, Yo Z)

WA % Figure 128.

679. Intercept Form elio Sl i)l g o0 (Job JS
i + X + E - 1
a b c¢
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WA JSS Figure 129.

680. Three Point Form  aL.i; 4. JSs
X—X; Y —¥s Z—1Z,
X,=X; ¥Vi7Y; 1

z,—2,/=0,
X, =X V.7V 2,7%

or

X vy z 1

xl Yl Z1 1 — 0 )
XZ Y2 ZZ 1

X3 YS ZS 1
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z
B(x,v,z.)
M(x.y,2) 2 etz
= i 2 ¥4,25)
A(x,Y,.2)
0 y

\WWe Js  Figure 130.

681. Normal Form (%9=) Jley JSé
xcosa+ycosf+zcosy—p=0,

where p is the perpendicular distance from the origin to
the plane , and cosa, cosf3, cosy are the direction cosines

of any line normal to the plane.
o Ly ] clowginns g 039 dxiuo b laise sliue jl dg0e dlolb P ol 4> oS
el domio gy (o) Sgac bt pa (o2l (slywginns dolS
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WY K Figure 131.

682. Parametric Form el JSis

X=X,+ta;s+a,t

y=vy,+bs+b,t,

Z=2Z;+CS+E:t
where (x,y,z) are the coordinates of any unknown point on
the line , the point P(x,,y,,z, ) lies in the plane, the vectors
(a,,b,,c,) and (a,,b,,c,) are parallel to the plane.

aais ul dxio (g9 2 polaol dati ya Slaie (X,Y,2) o] &

(a2,b2,¢2) 5 (a1,b1,€1) slajloys 5 cosl @ly amivo (5, » PX1,¥1,21)
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WY s Figure 132

683. Dihedral Angle Between Two Planes 4xio 95 lo (22990 49l;
If the planes are given by 1l 35 & )yse 4 Slxio &Yl 3
Ax+By+Cz+D, =0,
A2X+B2Y+CZZ+D2=O, ] sl @ibe sl -l I ol
5l ool Ojle Lol (e (h995 229l 0
then the dihedral angle between them is
B AA,+BB,+CC,

A6, JAZ+BZ+CZ.JAZ+Bi+CE

n,-n,

cosPp=
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WY UG Figure 133.

684. Parallel Planes (sjlgo lxin
axio > Two planes Ax+By+Ciz+D, =0and
Ax+B,y+C,z+D, =0 are parallel if 51! jlge
A, B, C,

A2 B2 C2 .

685. Perpendicular Planes eolsio Olio
a=ao 9> Two planes Ax+B,y+Cz+D,=0and
A,x+B,y+C,z+D, =0 are perpendicular if 51 5l %olxio
AA,+BB,+CC,=0.

686. Equation of a Plane Through P(x,,y,,z, ) and Parallel To
the Vectors (a,,b,,c,) and (a,,b,,c,) (Fig.132)

(\\”Y JS.“:) (az,bz,Cz) 9 (a1,b1,c1) Lgl.m)b)_g L ‘_g)"yo 9 P(xl,yl,zl) 5l 05,48 das dslee
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X=X, ¥V, Z—z

b
a, b, ¢
bl 1 05,38 doxio dslae 5
687. Equation of a Plane Through PI(XI’YI’ZI) and Pz(xz,yz,zz),

a c, |=0

1 1 1

and Parallel To the Vector (a,b,c) s, L jlse
X=X, Y™V 7%
7% YoV Z,7%|=0

a b c

—

u (ab,c)
/ Py (%, ¥, 2,)

WY S Figure 134,

688. Distance From a Point To a Plane 4o U akai jl alols
The distance from the point P,(x,,y,,z,) to the plane

Ax+By+Cz+D=0 is
L ol ).3‘).3 AX+By+CZ+D=0 axaw U P1(X1,yl,21) dlags )| ddold
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Ax,+By, +Cz,+D|

d= .
JA?+B?4C? |

Z
R0 %2)

d

\WWo s Figure 135.

689. Intersection of Two Planes  4xiwo 90 gblds
axio ¢ 51 Iftwo planes Ax+B,y+Cz+D,=0and
Ax+B,y+C,z+D, =0 intersect, the intersection straight
lineis given by Wl o cand @y pj abaly b sl aboles conly ks il ablit
X=X, +at
y=y,+bt,
2=z +ct
L or
X—X — y—vn — -1, ,
a b c
ol 3 a8 where
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g Bl Cl — Cl Al c= Al Bl
BZ C2 ’ C2 A2 ’ A2 B2 ’
Dl Cl Dl Bl
b -
D2 C2 D2 B2
%1 a’+b*+¢? ’
Dl Al Dl Cl
C —
D2 A2 D2 CZ
Y= a’+b*+c? ’
Dl B1 Dl AI
a —
D2 B2 D2 A2
Zz. =
! a’+b*+¢?

7.10 Straight Line in Space L »cul, s

690.

Point coordinates: X, ¥, z, X, V;5 Z;5 ... dbd Glaike
Direction cosines: cosc, cosB, cosy ola clouwguns
Real numbers: A, B, C,D,a,b,¢c, a,, a,,t,...  _aa sl
Direction vectors of a line: 5, 5,, 5, 1l clwl, slaybp
Normal vector to a plane: i 4o p (390e) Jloy )by

Angle between two lines: @ b3 4> ;le 44l

Point Direction Form of the Equation of a Line L3 aslee sliwly alass S
X—x — Y=V._27%

- b

a b c
where the point Pl(xl,yl,zl) lies on the line, and (a,b,c) is

the direction vector of the line.
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s (a,b,c)

/

P(x.¥%.2)

W JSS - Figure 136.

691. Two Point Form  ahi g JS
X—X = Y ¥ _ Z—Zl

XX Y27V 2,77

‘/JDQ({M?’ZQ)

/ a()ﬁ)ﬂ’zﬁl)

X
WY s Figure 137.
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692. Parametric Form ¢l S
X=X, +tcosa ol gBly conly bd 9y g P1(X1,Y1,21) e o j5 &S
Y=Y, HteosP ol bs clily s ool (clowsinnS Ll o Ly Al clougins
z=z,t+tcosy ool iyis dxe ot il
where the point P, (xl,yl,zl) lies on the straight line,
cosa, cosf3, cosy are the direction cosines of the direction
vector of the line, the parameter t is any real number.

Z
B0, ,2)
/
Y s
0118 y

WA 5 Figure 138.

693. Angle Between Two Straight Lines  c..l, s 55 bo 40l;
S, 'S, aa,+bb,+cec,

SI-B JaZ+bi+c-qfaZ+bZec

cosp=
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s,(a,b,.c)
S,(a,, bz, cz)

W4 JS& Figure 139.

694. Parallel Lines (¢jlge Lok
Two lines are parallel if 51 5l (¢jlg0 S 4o

5[5
or |
izizc_l
a2 b2 C2

695. Perpendicular Lines  soluio bglas
Two lines are parallel if 5185 solazo i g3
5,8, =0,
or |
aa,+bb,+cc,=0.

696. Intersection of Two Lines L3 bl
X=Xy P [z~
1 = 1 = 1 and 5

a, b, A

L3 o> Two lines
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X—X — Z—Ts = .
2 _ Y~ V2 _ L intersectif 31 Wl ablit

a, b2 ¢,

XX Y2 2,77
a, b, ¢, |=0
a, b, &,

697. Parallel Line and Plane  ¢jlgo axin 4 b3
X, F— Vi 2—2,

cuwsly ks The straight line = and the plane axis

a b ¢
Ax+By+Cz+D=0 are parallel if STl 6lge
n-s=0,
or UL
Aa+Bb+Cc=0.

Z
A x.%.2)
0 ¥
X

Ve S Figure 140.

179



cwly ks The straight line

dod awdin Y |28 CHAPTER 7. ANALYTIC GEOMETRY

698. Perpendicular Line and Plane  solxio amis g b3
il TP 2 . T -1,

and the plane axiw 4

a b 'd
Ax+By+Cz+D=0 are perpendicularif 31 1l solaze
ills,
L or
A_B_C
a b ¢
z
y
X
¥y s Figure 141.
7.11 Quadric Surfaces ¢ @ gskw
£33 4> Folaw aladi Glaisw

Point coordinates of the quadric surfaces: x, y, z
Real numbers: A, B, C, a, b, ¢, k;,k,,k,, ... _dss sl
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699. General Quadratic Equation pg> 4> zolw (JS aolee
Ax’ + By’ +Cz’ + 2Fyz + 2Gzx + 2Hxy + 2Px + 2Qy+ 2Rz + D=0

700. Classification of Quadric Surfaces pg> 4> zolaw (a0 atwd

el 4, 45) e (429)) gdaw &9
Case | Rank(e) | Rank(E) | A k signs Type of Surface
1 3 4 <0 Same oL Real Ellipsoid = (&é> o a0
2 3 4 >0 Same Imaginary Ellipsoid #529|0s5 s
3 3 4 >0 | Different <jslie  Hyperboloid of 1 Sheetaio V| 55 (Jolia
4 3 4 <0 | Different Hyperboloid of 2 Sheetgexio Y (155 Johin
5 3 3 Different Real Quadric Cone &> pgd 4>y bgyse
6 3 3 Same Imaginary Quadric Cone w5 ¥ 2 b
7 2 4 <0 Same Elliptic Paraboloid Eofln (195 (oot
8 3 4 >0 Different Hyperbolic Paraboloid = Jgi» o5 e
9 2 3 Same Real Elliptic Cylinder i sgan o5l
10 2 3 Same Imaginary Elliptic Cylinder s ssa2 <15l
11 2 3 Different Hyperbolic Cylinder e alsd
12 2 2 Different Real Intersecting Planes (it eblise clxio
13 2 2 Same Imaginary Intersecting Planes.sps el oo
14 1 3 Parabolic Cylinder St Hlginl
15 1 2 Real Parallel Planes S ilse Do
16 1 2 Imaginary Parallel Planes s il olrio
17 1 1 Coincident Planes Gelaie Slrino
Here bzl »
A H G A H Q P
H B F Q
e=|H B F|,E= , A=det(E),
G F C R
G F C
P Q R D
k;,k,,k, are the roots of the equation, .yl asles ol slo 4,
A-x H G
H B—-x F |=0.
G F C—x
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701. Real Ellipsoid (Case 1) () cdbs) Lab> oS dm
XZ YZ ZZ
2t

y
X
VWYY S Figure 142
702. Imaginary Ellipsoid (Case 2) (Y cJb) ospge 65 o
gt Y2 72
§+§+?=—1

703. Hyperboloid of 1 Sheet (Case3) (¥ clbs) axio V 65 Joia

XZ YZ ZZ
St =1
a* b" ¢
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y
o
VWY JSG Figure 143.
704. Hyperboloid of 2 Sheets (Case 4) (¥ cb) amiw ¥ 55 Join
X2 y_2 ZZ

L . P |
a’ b &

V¥ s Figure 144.
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705. Real Quadric Cone (Case 5) (0 ¢Jbs) b pgd 43 bg e
2 2 2
S AL
a’ b* ¢’

VYo S Figure 145.

706. Imaginary Quadric Cone (Case 6) (¥ cJb) sosng0 pgd dx)d bgyre

2 2 2
X 4
=0
a- b ¢

707. Elliptic Paraboloid (Case 7)

2 2
X Y
?'F?_Z:O

(Y <) (gadan (585 (oot

184



Sulod dwsin Y Jad CHAPTER 7. ANALYTIC GEOMETRY

X
VFE USs Figure 146.

708. Hyperbolic Paraboloid (Case 8) (A cdls) Jolia (55 o

2 2.
a- b

VWYY JS Figure 147.
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709. Real Elliptic Cylinder (Case 9) (A clb) Lad> (o «lgil
x2 Y2
; + ? = 1

¥
VYA & Figure 148.

710. Imaginary Elliptic Cylinder (Case 10)

2 2

X+Y

(Ve o) (ogpge spin algial

_=_1
a’ b’

711. Hyperbolic Cylinder (Case 11) (V) adls) Jolia algeul

2 2
a’ b’

186



(dod dwdin Y a8 CHAPTER 7. ANALYTIC GEOMETRY

712.

713.

714.

=

X
¥4 S Figure 149.

Real Intersecting Planes (Case 12) (VY clb) s ablite clxiw
2 2

X oy _

a’ b’

Imaginary Intersecting Planes (Case 13) (\v clls) ognge gblie liw
X2 Y2
A b

Parabolic Cylinder (Case 14) (VF cdls) cogtm algiwl

2
X

2 _v=0
a’ Y

187



L;l_:Jag‘; dwlid Y J‘a_e CHAPTER 7. ANALYTIC GEOMETRY

T

N

X
Vo- Ji  Figure 150.

715. Real Parallel Planes (Case 15) (00 cb) Lids (gjlge o
716. Imaginary Parallel Planes (Case 16) (V¢ clbs) ognge (c5lgo Olnio

717. Coincident Planes (Case 17) (VW ) Gulaie Olxan
x'=0
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7.12 Sphere .5

Radius of a sphere: R o5 gleds
Point coordinates: X, v, Z, X,, V,5 Z;» ... 4 Olaske

1?

Center of a sphere: (a,b,c) 0,5 5,0
Real numbers: A, D,E,F,M  _&aa> sl

(5,1 5lsl JS5) el 55 5o L 6,8 alslo
718. Equation of a Sphere Centered at the Origin (Standard
Form)

x’+y*+z*=R?

oY s Figure 151.
(a,b,C) das & 810 4 0,5 dslas

719. Equation of a Circle Centered at Any Point (a,b,c)
(x—a)2 +(y—b)2 +(z —c)2 =R*

720. Diameter Form s |
(X_X1XX_X2)+(Y_YlXY_Y2)+(z_21XZ_Z2)=O’
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721.

722,

where cﬁ P
PI(XI’YNZI)’ Pz(xz,y2,z2) are the ends of a diameter. JUE TR

Four Point Form  alg; s S

xX*+y'+z> x y z 1

X[ +yHX; Xy oz 1

x§+y§+x§ X, vy, z, 1=0

Xg +Y§ +X§ X; Vs zy; 1

Xi +YZ +Xi X, ¥y o7y 1

General Form K K& (Conl oo e A)

Ax’+Ay’+ Az’ +Dx+Ey+Fz+M=0 (A is nonzero).
The center of the sphere has coordinates (a,b,c) , Where
D, E _ F ol e b (a,b,c) clase o8 555
a——ﬂ, =5 C__ﬂ'
The radius of the sphere is 5l @l 0,8 glass
VD’ +E?+F —4AM
2A '

R=
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Jwdl 00 Ol Differential Calculus

Functions: f, g, y,u, v @ly

Argument (independent variable): X  (J&ius yuiio) ;losS )]
Real numbers: a,b,¢,d _ad> slil

Natural number:n = b due

Angle: o 4l;

Inverse function: £~ (j5)ly &b

8.1 Functions and Their Graphs & cl)bse 5 ol

723.

724.

725.

726.

Even Function  zg; b

f(—x)=f(x)

Odd Function 5,5 U

f(-x)=—f(x)

Periodic Function <slie 26
f(x+nT)=f(x)

Inverse Function  (ys,lg &U

y=f(x) is any function, x=g(y) or y=f"'(x) is its inverse
function. .ol o yels 2 Y=F(X) L X=8(Y) sl ab o Y=F(X)
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oy s Figure 152.

727. Composite Function <5y &b sl S po 1l K
y=f(u), u=g(x), y=£(g(x)) is a composite function. -

728. Linear Function L3 «b ol bt o
y=ax+b, xeR, a=tana is the slope of the line, b is

the y-intercept. .|\, ;| ey
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y = ax+b

////\a 0 .

vov J<s  Figure 153.

729. Quadratic Function Py 4,0 &l
y=x", xeR.
Y
y=x?
0 X

VoY s Figure 154.
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730. y=ax’+bx+c, xeR.

a>0
y = ax2+bx+c

a<0

Vod S Figure 155.

731. Cubic Function pgw 45> b
y=x’, xeR.
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VoF S Figure 156.

732. y=ax’+bx’+cx+d, xeR.
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y

y = ax” +bx *+cx+d

a>0

a<0

v s Figure 157.

733. Power Function
y=x",neN.

SP b
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I
x
o))

- W =
1l I
xX X

(-1,1) £1,1)

VoA & Figure 158.

Y

~{

1l
. b
w o

Vo' K5 Figure 159.
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734. Square Root Function =y y> b

y=\/;, Xe[O,oo).

4

i

iy

Vse IS Figure 160.

735. Exponential Functions _ls xly
y=a", a>0,a#l,
y=e" ifa=e, e=2.71828182846...
3
¥

O<a<1 a>1

(0.1)

VP S Figure 161.
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736. Logarithmic Functions o)W &ly
y=log,x, xe(0,%), a>0,a=1,

y=Inx ifa=e, x>0.

K
y
y =logx
a>1
. (1,0) ¥
O<a<1

VFY JSs Figure 162.

737. Hyperbolic Sine Function SJg sl oo xb
e —e "

y=sinhx, sinhx= , XeR.
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y = sinh x

VoY S Figure 163.

738. Hyperbolic Cosine Function (S Jy, la ugines &b

y=coshx, coshx="S ze , XeR.
y
y = cosh x
1
B X

\o¥ Js  Figure 164,
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739. Hyperbolic Tangent Function Jg s cil3l b
sinhx e"—e™

y=tanhx, thanhx:coshx_ex+e-x . xcR,
¥
,,,,,,,,,,,,,, 1  y=tanhx
0 X
X

VF0 JS Figure 165.

740. Hyperbolic Cotangent Function Jgwle colils o

coshx e +e*
= , XeR,x#0.

y=cothx, y=cothx= -

sinhx e*—e
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y = coth x

\e& U Figure 166.

741. Hyperbolic Secant Function S ymls cilkw &b

y=sechx, y=sechx= L. 2_,XER.
coshx e*+e”
y
1
y = sech x
0

VY S Figure 167.
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742. Hyperbolic Cosecant Function gyl cilSus xb

y=cschx, y=cschx = “_ = 2_X,X€R,X¢0.

X

sinhx e —e

y

y = csch x

VYA IS5 Figure 168.

743. Inverse Hyperbolic Sine Function Sgipld ogiww )ls &b
y=arcsinhx, xeR.
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y = arcsinh x

VP4 S Figure 169.

744. Inverse Hyperbolic Cosine Function Sgr s ogimnS ols &b
y=arccoshx, x €[l,).

Y

y = arccosh x

Ve K5 Figure 170.

745. Inverse Hyperbolic Tangent Function — SJgymls <lil os)le U
y =arctanhx, x e(—l, 1).
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y = arctanh x

1

WY UG Figure 171.

746. Inverse Hyperbolic Cotangent Function g pwla cilpls o9 ly b
y=arccothx, x € (— 00, — l)u (1, oo).
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y = arccoth x

1 X

WY s Figure 172.

747. Inverse Hyperbolic Secant Function  (Jg ula il (y5)ls &b
y=arcsechx, xe(0,1].
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y = arcsech x

Wy s Figure 173.

748. Inverse Hyperbolic Cosecant Function Sg s colSuS 9)ly &b
y=arceschx, xeR, x#0.

¥

y = arcesch x

WY s Figure 174,
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8.2 Limits of Functions &'s sl

749.

750.

751.

752.

753.

754.

755.

756.

757.

758.

Functions: f(x), g(x) &g
Argument: X (olosS)l) yuiio
Real constants: a, k aé> culg

lim[f(x)+ g(x )]=1lim f(x )+ lim g(x )

X—a X—a X—a

lim [f(x)— g(x)] =limf(x)—limg(x)

X—a X—a X—a

lim[f(x)- g(x)]=limf(x)-limg(x)

X—a X—a X—a

f(x) ~ limf(x)

lim = X4 ,if limg(x)#0.
X—a g(x) !{IE}g(x) X—a ( )

lim[kf(x )]=klim f(x)

X—a X—a

i £(g(x)) = i g(x)

limf(x)=f(a), if the function f(x) is continuous at x=a.
e il oy X=2 s f(X) b 3]

sinx
=1

lim
x—0 X

tanx
=1

lim
x—0 X

. -1
% sin X
lim =il
x—0 X
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759.

760.

761.

762.

763.

Bhie olgd g iy

8.3 Definition and Properties of the Derivative

764,

Functions: f, g, v, u, v &g
Independent variable: x = Jaiwe yuiio
Real constant: k = &g <ol

Angle: o 4l;

¥(x)= lim f(x+Ax)—f(x)_ e P, ]
Ax—0 Ax Ax—0 Ax dx
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Wa K& Figure 175.

765. ﬂ=tana
dx
766, du+v)_du dv
dx  dx  dx
267, du—v)_du_dv
dx = 4%
-eg. dku)_, du
dc  dx

769. ProductRule <y 0icls
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770. Quotient Rule i 0acld
du ~ dv
i(gj_a T
dx\ v :

v

771. Chain Rule ()lspo5;) <80 0acld
Y=f(g(X)), u= g(X),

dy _sdy du
dx du dx’
772. Derivative of Inverse Function  (y9)ly &b e
gy _. 1
dx  dx’
dy al Y(X) &6 os)ls X(Y) ol 55 &8

where x(y)is the inverse function of y(x).

773. Reciprocal Rule  s5Sao oucls
dy

di1)__dx
dxly) ¥’

774. Logarithmic Differentiation 0, ,5 suie
y=f(x), Iny =Inf(x),

%:f(x}%[lnf(x)]'

8.4 Table of Derivatives <t Jg

Independent variable: x =~ J&iwe pio
Real constants: C,a,b, ¢ _dés colg
Natural number: n b dae
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775.

776.

777.

778.

779.

780.

781.

782.

783.

784,

785.

dX Xn+1
i(l]z_i
dx\ x x*

d 1
w o
d—y. 1
&(\/;)_ n n Xn—1
%(lnx)=%

d

el ] -

dx( 08, %) xIna

,a>0,a#1.
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786. i(a")=a"lna, a>0,a#1.
dx
787. %(&):&

788. i(sinx)= COSX
dx

789. i(cosx)= —sinx
dx

790. i(tanx)= 1 =sec’x
dx

791. —(cotx)=—— =—csc’x
dx

792. —(secx)= tanx-secx
dx

d

793. —(cscx)=—cotx'cscx
dx

794, i(al'csimli): :
dx 1-x*
795. i(arccosx)=— -
dx 1-x*
796. %(arctanx)= 1+1x2
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1
1+x°

797. i(arc:cotx)=—
dx

1

}x‘\/ x -1

d 1

799. —(arccsex)=-—
dX( ) ‘x‘\)xz—l

798. i(arcsecx)=
dx

800. i(sinhx)= coshx
dx

801. i(coshx)= sinhx
dx

=sech’x

cosh’x

802. i(tanhx)=
dx

—csch’x

sinh’x

803. 4 (cothx)=-
dx
d

804. —(sech x)= —sech x-tanh x
dx

805. %(csch x)= —cschx-cothx

806. i(arcsinh x)= !
dx x*+1
807. i(arccosh x)= 1
dx x%—1
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808. i(arctanh x)= b
dx 1—

809. i(arccoth x)= -
dx

810. —(uv)= vy lnu~ﬁ
dx dx

8.5 Higher Order Derivatives sy 5,0 slednia

Functions: f,y,u,v &'5
Independent variable: x = J&iue pxio
Natural number:n = (b 3

811. Second derivative p9> Suie
’ ' 2
f”:(f’): d_Y =i d_y =dY
dx dx{dx ) dx°*
812. Higher-Order derivative ;YU 45,0 ie

£o) =j%’= y® = (g00)’

813. (u+v)(“)=u(“)+v(“)
814. (u—v)(n)=u(“)—v(“)

815. Leibnitz’s Formulas sy by,

t

(uv) =u"v+2uv' +uv”
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it
e "__t [

(uV) =u"v+3u' v +3uv' +uv'”

(uv)(n) =u®y +nu® Vv’ + %u(“'z)v” +.otuv®

m!

(m-n}

817. (x"f” =n!

m-n

X

816. (x" )" =

818. (log, x) ="V (=1]

x"lna

819. (Inx)” =V (=1

820. (o*
821. (¢

822. (a“”‘ )(n) =m"a™ In"a

823. (sinx)(") = sin(x + %)

824. (cosx)(“) = cos(x + nz—nj
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8.6 Applications of Derivative s syl

825.

826.

Functions: f, g,y &ly

Position of an object:s - 5 & cusbgo
Velocity: v ey

Acceleration: w s

Independent variable: x = J&uuwe yuiio
Time:t - L;

Natural number:n = L sxc

Velocity and Acceleration
s=1(t) is the position of an object relative to a fixed ~ «wlt sloj 3 cub
coordinate system at a time t, ol £ i 6l alasd e o V=S"=F (1)
v=s'=f'(t) is the instantaneous velocity of the object,

laisis o203 Sy &y o 2058 Ky Epibye 5=(1)

w=v' =s"=f "(t) is the instantaneous acceleration of
the Object. ] ;L;\A-’ d‘ alad uhw, W=V'=S"=f"(t)

Tangent Line oolos Las
Yy—%= f’(xoxx_xo)
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y
%‘ dges a3
N loo s
% o ‘\-\(\e
’@?/’

VW& S Figure 176.

827. Normal Line (Jby)d50s a3
1

Y-, =—m(x—xo) (Fig 176)

828. Increasing and Decreasing Functions. o405 5ozl wly
If f’(x0)> 0, then f(x) is increasing at x,. (Fig 177, x <x,,
X, <X)y (X<X X<Xq AVY SE) Conl oai]53] Xo 5o F(X) o (X0)>0 31
If f’(x0)< 0, then f(x) is decreasing at x . (Fig 177,

X, <X <X2)’ (X1<XLX VY JSS) cuwl saials" Xg o f(x) o551 £ (x0)<0 Sl
If ' (xo) does not exist or is zero, then the test fails.

95 oo dnlgn S b 90l ol oS ety jhao b 05l 4215 3934 F/(Xo) 51
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y = f(x)

Wy s Figure 177.

o5 Sl 4B
829. Local extrema

A function f(x) has a local maximum at x| if and only if
there exists some interval containing x, such that
f(x1 )2 f(x) for all x in the interval (Fig.177).
23b F(X1)>=F(X) w0jb o 3 o X oled (glp 457 (ol 365 0 w3L asls dgmg X1 ol (gl 03b 31 o5 5,51 camsl omdgo dintin X1, (X) b0
A function f(x) has a local minimum at x, if and only if LIV Jss)
there exists some interval containing x, such that
f(x, )< f(x) for all x in the interval (Fig.177).
25L F(X2)<=F(X) il o) o o X olos (gl 457 (ol 465 & wsl aisls dg39 Xo Jols (gl 0L (51 b 9,31 cumsl andgo aineS X2 o F(X) b6
830. Critical Points ! b (v Jsa)
A critical point on f(x) occurs at x, if and only if either
f'(x, ) is zero or the derivative doesn’t exist.
Al sl dgg g b aib o F'(Xo) ks g ,STamd o &y Xo o F(X) o Slow abass
831. First Derivative Test for Local Extrema. =s30 sl 48 (sl Jol Gito (3905
If f(x) is increasing (f’ (x) >0 ) for all x in some interval

(a,xl] and f(x) is decreasing (f’ (x)<0) for all xin some
interval [xl,b), then f(x) has a local maximum at x,
(Fig.177).
23L sxials [X1,b) oL ;5 o X plas (6ly F(X) o (F'(X)>0) sl oail331 (@,X1] 05,5 s X ples ¢l F(X) 31
(WY JS8) 3,3 Xg 53 mdge didir S F(X) o1ST (F(X)<0)
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3L o] 381 [X2,0) 65b y3 b X ples (ol F(X) ¢ (F/(X)<0) wil saials” (@,%2] 05L ,> s X ples ¢l F(X) 51

832.

833.

834.

835.

836.

837.

(WV JS5) 3,13 X 3 mdge 4 S F(X) oI (7 (X)>0)
If f(x) is decreasing ( f '( ) 0) for all x in some interval
(a,x?_] and f(x) is increasing (f’ (x) 0) for all x in some
interval [x,,b), then f(x) has a local minimum at x, .
(Fig.177).

(90 Sl Ay (gl pgd (Bl 995!
Second Derivative Test for Local Extrema.

If f'(x,)=0 and f"(x,)<0, then f(x) has a local maximum

at x,. D5 X7 > mbge dis T(X) oST F7(X1)<0 4wl F(X1)=0 |31

If f'(x,)=0 and f"(x,)>0, then f(x) has a local minimum

at X, . (Fig.177) (WY JK5) )5 Xg 53 (e aaS F(X) o1 F7(x2)>0 5 25l F'(x2)=0 3!

Conc);’rity, (X3X VY Ss) sl o8l Xo 5 F/(X) )31 L5 g 431 3,05 YU Caows 4y Xo s F(X)
f(x) is concave upward at x, if and only if f'(x) is
increasing at x, (Fig.177, x, <x).

f(x) is concave downward at x, if and onlyif f'(x) is

decreasing at x,. (Fig.177, x <x, )\°~ PO 51 512> el oo 52850 > X)
v (X<X3 VY JS.3) 2l orinls’

2 gl ped (Fdo (90 {
Second Derivative Test for Concavity. > »& Yt caw 4 Xo > f(x) oSl asl; (x0)>0 51

If f(x,)> 0, then f(x) is concave upward at x,,. %o f(x) ol st /(x5)<0 51
If £ D 2 oyl oo

( )< 0, then f(x) is concave downward at x,
If f "( ) does not exist or is zero, then the test falls

PV KY d9>9 l; 9 b.)y).o.aof (XQ) )Sl
algo CanS |y (905l oIS et

g

Inflection Points e L
If f'(x,) exists and f"(x) changes sign at x=x,, then

the point (x,,f(x,)) is an inflection point of the graph of

f(x). If f""(x, ) exists at the inflection point, then f"(x, )=0

(Fig.177). abais olS5T cmd coMe yis X=Xz, F7(X) g sl axsly 2934 F'(X3) 51
Jlngn 0acl8 Gilae dlais ) F7(X3) 31080 (o FX) Jlages Cilas alais S, (x3,f(x3))

L’Hopital’s Rule ) ool F7(X3) =0 o187 (a3l azsls 343

lim@= limix) i? lim f(x )= lim g(x )= {0 A

X—C g(x) X—C g,(x) X—C X—C o0
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8.7 Differential .l

Functions: f,u, v &l

Independent variable: x J&tue yuio

Derivative of a function: y'(x), f'(x) &b e
Real constant: C  _aa> <ol

Differential of function y=f(x): dy &b Jswslsis
Differential of x: dx = X Juuiljasd

Small changeinx: Ax X ;> SWl o

Small change in y: Ay Y > Sul s

838. dy=y'dx

839. f(x+Ax)=f(x)+f(x)Ax

y

VWA U Figure 178.
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840.

841.

842.

843.

844.

845.

Small Change in'y Y Sl s
Ay =f(x + Ax)—f(x)

d(u+ v)= du+dv
( ) —dv
(Cu) Cdu

(uv) vdu +udv

d(gjz vdu—udv
v

2
\'

8.8 Multivariable Functions eoxi vz 2ls

o yxio 93 @lei Functions of two variables: Z(X,Y), f(X’Y)» g(x,y), h(X’Y)
latue (slo,uxie Arguments: X, v, t

846.

Small changes in x, vy, z, respectively: Ax, Ay, Az.

First Order Partial Derivatives 5l 45,0 oj> (sldide

The partial derivative with respect toX X 4 cows (0j> (side
of _o° 0z

—=f (also —=Z )

ox ox

The partlal derivative with respect to y Yy & cos o e

a—f=f (also@ Z; )
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847. Second Order Partial Derivatives 45 aiy0 oj> (sledido

o(of 2f
x\ox) oxr =
ofof )\ of
ayloy) oy
(oot _,
oy\ox) oyox
ofor)_ ot _,
ox\oy) oxoy
If the derivatives are continuous, then o5l (il auwgy Laie )31
o'f o
Oyox  Ox0y
(el 0e25]) &8 yo asl3 _
848. Chain Rules oSS! (ol Ry G 5l U 8)

1 If f(x,v)=g(h(x,y)) (gis a function of one variable h), then

of | oh of oh
o =g hoy))— s oy B (h(X’Y))g :

S oIS of dx  of dy

If h(t)=£(x(t)y(t), then h(t)= 2%+ L&Y

3 oI5|
If z=f(x(u,v),y(u,v)), then
oz of ox Oféy oz af%jL@_f@y

B Okhu Oydu By Oxbv OyOT

849. Small Changes <Sulclyus

YL a—fAy
ox 0Oy
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850.

mo9e Sl &S g o Ay g () ol sl ) ol rge st 1 (X0,Y0) > FX,Y)
Local Maxima and Minima 34 f(xy)<=F(XoYo) {Xo,Yo) & K55 3 sl 4
f(x,y) has a local maximum at (x,,y,) if f(x,y)<f(x,,y,

for all (x,y) sufficiently close to (X455 )-

236 F(%,y)>=f(X0,y0) dX0,Y0) & K35 (35 05155l &y sl (X,Y) (olos (slps 51 ] (mdge aiaS 5115 (Xo,Y0) 5 F(X,Y)

851.

852.

853.

f(x,y) has a local minimum at (x,,y, ) if f(x,y)>f(x,,y,)
for all (x,y) sufficiently close to (x,,y, ).

Sl bls
Stationary Points
of of
OX Oy amd e ) oSk LB 3 Ladge slb dad g b dipi
Local maxima and local minima occur at stationary points.
sl oy blis

Saddle Point .15l xdge 4eS & g adge Ao 4 45 Cawl Sl dbat
A stationary point which is neither a local maximum
nor a local minimum

oSk blis (sl pg> it (9]

Second Derivative Test for Stationary Points
Let (x,,y, ) be a stationary point (%f = i =0 )25 Slo abis (Xo,Yo) 465 53

D=

fee (X075 fxy(xo,yoi
fr(Xo5¥0) £, (X0 ¥0)

Cwl (b g0 dineS dlad
If D>0, f_(x,,7,)>0, (x,,7,) isa point of local minima.
If D>0, f_(x,,y,)<0, (x,,y,) isa point of local maxima.
If D<O0, (x,,¥, ) is a saddle point. .cuwl ol ;5 dlais ol (e

If D=0, the test fails. 9 0 490 Caus b y905]

. Tangent Plane _wlbew axio

The equation of the tangent plane to the surface z=f(x,y)
at ( X,sVosZ, ) is 5l cwl oyle (Xo,Y0,20) 5 Z=F(X,Y) (a5)) gdaw 2 (wlow dxio dolae

—z, =£, (X070 X=X )+ £, (X0 Vo ST = V4 )-
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o p 2905
855. Normal to Surface

The equation of the normal to the surface z=f(x,y) at
(Xo »Yo ’Zo) is 5l cwl ©)le (X0,Y0,20) 5 z=f(x,y) (49)) edow y 390 s ddles
X—X, _ ¥Y¥ =Z_Zo

fx(XO’YO) fy(XO’YO) =] .

8.9 Differential Operators Jwilin slaSlee

Unit vectors along the coordinate axes: i, j, k
(Yl ouole) JSul wlsSealar functions (scalar fields): f(x,y,z), u(xl, xz,...,xn)
Gradient of a scalar field: gradu, Vu  J5l glee 6 olals

.. . .. of .
Directional derivative: el SRS Ghbe
Vector function (vector field): E (P,Q,R) (g GMse) ooy @b
Divergence of a vector field: divF, V-F  <br ke oilis

Curl of a vector field: curl E, VxE Sl e 55

Laplacian operator: V? oY S

856. Gradient of a Scalar Function  JIul &b ;Lo

grad f=Vf= a—f,a—f,a—f ,
0x 0y 0z
gradu=Vu= a1 , on — on .
0x, OXx, ox,
857. Directional Derivative SR (B
of of f of
—=—cosa+—cosf}+—cosy,
ol ox oz
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858.

859.

860.

861.

862.

863.

864.

29 (oo Ly Jay I b g ol 0 S
where the direction is defined by the vector

T(cos a,cosP,cosy), cos’a+cos’B+cos’y=1.

Divergence of a Vector Field ;15 olwe (ulj)eo

L P

Curl ofa Vector Field (s)by olwe J)5

—

curl F=VxE=

R Q). (8P aRT 6Q oP)-
=——— i+ ——|j+| ——— |k
oy 0Oz 0z 0Ox 0x Oy
Laplacian Operator oMY Sles
of of 0f

Vi=—+—+
ox> oy oz

oo
LR | =
PR | o~

div(curl F)= V- (V X F) 0

I

curl(grad f )=V x(Vf)=0

div(grad )=V -(Vf)=V’f

curl(curl F)= grad(div F)— VE= V(V : F)— V’E
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J)6l ols Integral Calculus

Functions: f, g, u, v zly
Independent variables: X, t, §  Jauo olo it

Indefinite integral of a function: jf(x)dx 5 jg(x)dx y oo &6 el J1Sl
Derivative of a function: y'(x), f'(x), F'(x), v ol 5l

Real constants: C,a,b, ¢, d, k &> colg
Natural numbers: m, n, i, roo Slacl

9.1 Indefinite Integral ot JSsl

865.

866.

867.

868.

869.

870.

J-f(x)d.x= F(x)+C if F'(x)= f(x).
([#Gekix) = £(x)
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871. [f(ax+b)dx="F(ax+b)+C

a

872. [f(x)f(x)dx=f(x)+C

2

f'{x

873. | f'((x))dx= Inff(x)+C

874. Method of Substitution )’ b9,

jf(x)d.x = If(u(t))u’(t)dt if = u(t) i

875. Integration by Parts = 4 :» 5 J,Sl
Iudv =uv — jvdu ,

ol > as Where u(x), v(x) are differentiable functions. _y; iy Bibe mlys

9.2 Integrals of Rational Functions Uus &ls skl

876. [adx=ax+C

2
X

877. .xd_x=7+C

3
878. jx2dx=x—+c
3

+1

XP
p+1

879. [x’dx=——4+C, pz-L.
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n+1
880. J‘(ax+b)“dx=(ax+7b)+c,n¢—l.
a(n+1)
881. '§=1n\x|+c
e
882. [ —lipaxsb+c
‘ax+b a
883. '[ax+bdx=3x+bc_2adln‘cx+d]+c
cx+d c c
sea. [ L b o o,
(x+a)x+b) a-b x+a‘

.[ s —i(a+bx—aln‘a +bx|)+C

885. =
a+bx b’

2
886. | a"i’; =b—13[1(a+bx)2 —2a(a+bx)+a21n‘a+bxq+c

2
887. IL=llnﬂ+C
x(a+bx) a X
dx 1 b, |a+bx

888. =——+—In +C

'[xz(a +bx) ax a’

X

dx 1 a
889. [— X _ " (1nla+b C
'[(a+bx)2 bz[n‘a+ X;Ha+bx]+
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890.

891.

892.

893.

894,

895.

896.

897.

898.

899.

J
J

d 1
X X2=—3 a+bx—2aln‘a+bx‘—
(a+bx) b
dx = 1 +iln
x(a+bx)2 a(a+bx) a’
dx 1 -1
b Ly fx-1l, 0
x"—-1 2 |x+1
dx 1, [1+
2=—ln—X+C
1-x 2 |1-x
dx =ilna+x +C
a’—x* 2a l|la—-x
dx 1 -
- 2=—lnX a +C
X“—a 2a |x+a
=tan 'x+C
1+x
dx 1
- 2=—tan_1§+C
a‘+x° a a
xdx 1
=—Inlx*+a*+C
x* +a* 2 ( )
dx 1
a+bx’

230
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X

2

a+DbX
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000. [ - Lphei2lic
a+bx® 2b
2
901. —l -+C
-[x‘a+bx ) n
002, [ & L a*bxl ¢
a“—b°x* 2ab |a—-bx
903 ,[ dx _ 1 ln2ax+b—x,/b2—4a<: .
ax’+bx+c  \b’—4ac |2ax+b++b*—4ac ’
b*—4ac>0.
dx 2 2ax+b
904. = t
J‘aX2+bx+c N dac—b? e an\/4ac b2
b*—4ac<0.

9.3 Integrals of lrrational Functions Lst &ls WS

905. j 2 b +E

A ax a
2 3
906. [ax+b dx—3—(ax+b)/2 +C
a

2(ax—2b)
907. j‘/i o Vax+b+C
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908.

909.

910.

911.

912.

913.

914.

915.

J‘X,/ b dg= (—

2b)
15a°

+b)% +C

1 1 \/ax+b—\/b—ac‘

+C,

fr—- n
(x+c)\/ax+b_\/b—ac \/ax+b+\/b—ac’

b—ac>0.

1

arctan

fr——-
(x+c)\/ax+b - Vac—b

b—ac<0.

= LI \/(ax+b)(cx+d)

cx+d

ax+b

ac—

+C’

_ad bc

cvac

I wil dx = \/(ax+b)(cx+d)

cx+d

ln|\/a(cx+d)+ \/c(ax+b)‘+C ,a>0,

—ad_bcarctan a(cx+d)+c’(a<0’ c>0).
cvac c(ax+b)
2 2.2
[x*Varbx 4 2o —1?2]::1;+15bx ) ot

J-\/a+b}~(= 15b°
|Javhi-va
P L e
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916.

917.

918.

919.

920.

921.

922.

923.

924,

R,

2 a+
.[ arctan

x\/a+bx \/—a —-a

x+b
a+b

X dx= J@a—x)b+x)+(a+b)arcsin

'[ b+x

J-‘/a+x dx=—\/(a+xXb—x)—(a+b)arcsin]/b_x +C
b—x a+b

j alicc dx——\ll x’ +arcsinx+C

dx X—a

= 2arcsin

j\/(x—a)(b—a) b-a
j\/a+bx—cx2 dx = 2C);_b\/a+bx—cx2 +
c

b —4ac . 2cx-b
arcsm—+C
8v¢’

vVb* +4ac

I\/%=\lfln’Zax+b+2\/a(ax2+bx+c)’+C,
ax" +bx+c a

a>0.

dx 1 . 2ax+b ;5
Vax’+bx+c  va 4a

2
X a
ijz +a‘dx = Ex/xz +a’ +7ln‘x+ e

+C
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925. x\/x +a’dx= x +a )/+C

926. [x2vx2+aldx= (2x +a )\/x2+a2—

a4
—gln‘x+ x’+a’

+C

927. +C

cVx'+a’ dx=_\/x"3+a2
A < X

+ln‘x+ x*+a’

+C

x’+a’

928. | fx =ln’x+\/x2+a2

X

a+vx' +a’

;‘ 2 2
929. J‘ X e dx=+x*+a’+aln
X

e

=yx*+a’+C

930. j

xdx
vx’+a’

931. j 30

2
x*+a —Tln‘x+ x*+a’

VX +a

932.

+C

"- X
xvVx?*+a’ a+\/x2+a2

+C

2
933. I\/x —a‘dx= x/x —a —?ln‘x+ x*—a’

934. [xvx'-a’dx= )/+c
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}' 2 2
935. I % 0 dx=\/x2—a2+aarcsin3+C
X

X

f 2 2 fit. 3 2
936. j _ :a dpm—t B +ln(x+ x*—a’|+C
X X
937. .[ =ln‘x+\/x2—a2 +C
xdx
938. jm=\/x2—a2+c
2
939. J‘ - Exzx —a +%ln‘x+\/x —a*|+C
Xo g
dx 1 . B
940. jﬁ=—garcsm;+c
1 X—a
941. C
'[x+a)\/x —a® a x+a+
dx 1 [x+a
942. B FC
J.(x—a}\/xz—az ayx—a
2_a2
943. Ix\/T o +C
dx X
944. | az)%=—a2 T—aﬁc
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945. [(x’- )/dx_—_ (x50 NxP—a? +

+G

a
+?ln‘x+ x%=g®

2

946. \/a —x*dx = \/a -X +a?arcsmx+C

a

947. 'x\/a —x? a -X )/+C

4

948. j Val—x*dx = (2x —a Naz—x2+%arcsin§+c

a

froi2 2
949. 'f a X dx=+va’—-x*+aln
X

+C

X
at++a’—x*

[2 2 [z 2
950. J. A 2X dx=- 8 =X —arcsin£+C
X X a
dx
951. j =arcsinx +C
V1-x?
952. I —sm +C

J—
953. | XX P2 4C

2 2
a —Xx

2 2
954, J- o i =—i\/a2—xz+a—arcsini+c

al—x? X 2 a
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1 ja—x

dx
(x+a)\/a2—x2_ 2Va+x

+C

955. j

1 jJa+x

956. j(X_a)‘\l/Xm?E —_+C

957. I(x+b)(j/};2—x2=\/b21—a2 arcsin:(xx—-i_;al:)+c,b>a.

208 j(x+b)c\l/};2—x2 ) \/a21—b2 g oo J;izl AR
b<a.

959 i

J~ dx __
L% o) a’x
960. j(az—xz)%dx=%(5a2—2x2 Wa?—x? +%aresin§+c

a

dx

| = * 4icC
. (a2 —xz)% a’va’—x’

961

Sllie 2y sl Sl
9.4 Integrals of Trigonometric Functions

962. Isinxdx=—cosx+C

963. .[cosxdx= sinx +C
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.. 1
964. 51n2xdx=§—zsm2x+c

. 1.
965. [cos’xdx=—+—sin2x+C
v 2 4
. 3 1 . 1 3
966. J.sm xdx=—cos’x—cosx+C=—cos3x——cosx+C
3 12 4

. 1. 1 . 3.
967. jcos3xdx=smx—gsmsx+C=Esm3x+zsmx+C

968. j dx =J‘cscxdx=lntan£+C
sinx 2

969. j — =_[secxdx=lntan[§+EJ+C
COSX 2 4

970. | d}j =jcsc2xdx=—cotx+C
Jsin“x

971. df = |sec’xdx=tanx+C
Jcos X

972. J' d): =jcsc3xdx=— C?sf +llntanE +C
sin’ X 2sin“x 2

973. .[ d): =Isec3xdx= sm:;( +llntan(£+EJ+C
cos’ X 2cos’x 2 2 4

974. jsinxcosx dx = —ic052x+C
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975.

976.

977.

978.

979.

980.

981.

982.

983.

984.

985.

986.

csin’x

* COSX

Y cosxsinx

- I .
51n2xcosxdx=§sm3x+C

(" 2 1 3

sin X COS xdx=—gcos x+C

. 2 2 x 1.
sin“xcos xdx=———sin4x+C
v 8 32

[ tan xdx = — ln\cos x‘ +C

» SINX 1

dx= +C=secx+C

4 cos’x COSX

dx=1n

X T )
tan(—+—j —sinx+C
2 4

(tan’x dx =tanx—x+C

[ cot xdx = ln’sin x‘ +C

COSX 1
——dx=———+C=-cscx+C
sin” x sinx
ccos’ X b
——dx =Injtan—|+cosx +C
7 sinx 2

[cot’x dx=—cotx—x+C

o = ln’tanx’+C
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dx 1
987. [ =—— +lnltan] 2+ |+C
SIN”“XcosX SINX 2 4
dx 1
988. j- = +Intan > +C
SINXCOS X €OSX 2
dx
989. jﬁ=tanx—cotx+C
sin” Xcos X

990. J‘sinmxsinnx dx=- sin(m+n)x + sin(m— n)x +C,
2(m+n) Z(m—n)

m?#n’.

cos(m +n)x 3 cos(m —n )x

2(m+n) 2(m—n) e

991. jsinmxcosnxdx=—

m?®#n’.

992. Icosmxcosnx dx = sin(m +n)x - sin(m —n)x +C,
2(m+n) 2(m—n)
m’#n°.

993. [secxtanxdx=secx+C

994. [cscxcotxdx=—cscx+C

n+l

cos X

995. [sinxcos"xdx=— +C
. n+1
sin™"'x
996. Isin“xcosxdx= +C
n+1
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997. jarcsinx dx =xarcsinx+v1-x>+C

998. J.arccosx dx =xarccosx —vV1—-x*+C

999, .[arctanx dx=x arctanx — %ln(x2 + 1)+ C

1000. Iarc cotxdx=xarccotx + %ln(x2 + 1)+ C

9.5 Integrals of Hyperbolic Functions <Js s 2ls (kS

1001. :sinhxdx= coshx +C
1002. :coshxdx= sinhx +C
1003. :tanhx dx =Incoshx+C
1004. [cothx dx=In|sinhx|+C
1005. .'sechzxdx =tanhx+C

1006. [csch?xdx =—cothx +C

1007. [ sechx tanhxdx = —sechx +C
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1008. jcschx coth xdx =—cschx +C

o’ 5 el @y sl Sl
9.6 Integrals of Exponential and Logarithmic
Functions

1009. [e*dx=e* +C

1010. [a*dx =

1011. Ieaxdx=—+C

1012. [xe™ dx="1(ax—1)+C
a

1013. jlnxdx=x1nx—x+c

1014.J‘ = =ln|lnx’+C

xInx

1015. jxﬂlnxdx=xﬂ+{h‘x— ! 2}+c
n+l (n+1)

asinbx—bcosbx
e

a’+b? T

1016. je“ sinbx dx =
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acosbx+bsinbx

a’+b’ +C

1017. jea"cosbxdx=

9.7 Reduction Formulas c.»ls L,

nomx g L onome D0 ono1ome
1018. Ixe dx—;xe mJ.x fe™dx

mx

1019. [ dx=—_ m
J‘x“ * (n—l)x“‘1+n—1

mx

jen_ldx, n#l.
X

1020. .[sinh“ xdx = L sinh™ xcoshx —2— ! J sinh™? xdx

n n
1021..[ dx __ coshx _n—ZI dx -
sinh™ x (n - l)ginh“"1 X n-17sinh"?*x

1022. J‘cosh“ xdx = lsinhx cosh™ x coshx + 2 ljcosh“‘2 xdx
n n
1023, [ X swhx _  m-2p dx n
cosh” x (n—l)coshrl X n-1Ycosh™ x

sinh™! xcosh™'x

1024. Isinh“ xcosh™ xdx =

n+m

m-—1
+

Isinh“ xcosh™ % xdx

n+m

sinh™ xcosh™'x

1025. .[sinh“ xcosh™ xdx =

n+m
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n—1

J‘sinh“_2 xcosh™ xdx

n+m

1026. jtanh“ xdx = —itanh“‘1 X+Jtanh"_2 xdx, n#1.

n—1

1027. .[coth“ xdx = —Lcoth"_1 X+Jco’ch“_2 xdx, n#1.

n—1

sech" *x tanhx N n—2

1028. '[sech“xdx= Isech“_zxdx ,n#1.

n—1 n—1

. L. s n—-1¢. .-
1029..‘-5111 xdx =——sin""' xcosx + jsm ? xdx

n n
dx -2 dx
1030 [-S—=— 2" 4 ETS[ SR na
sin” X (n—l)sm“‘ X n-1Ysin""x

n 1 . n-1 Il‘—l n-2
1031. Icos xdx=—sinxcos" x+ jcos xdx
n n
dx i -2 dx
1032, [—— = e S [——sn=l.
cos X (n—l)cos X n-17cos °Xx

n+1XCOSm_1X

1033. jsin“ xcos" xdx = s
n+m

jsin“xcosm_zxdx
n+m

sin" ' xcos™" x

1034. Isin“ xcos™ xdx=—
n+m
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n—1
+

jsin“‘2 xcos™ xdx
n+m

1035. Itan“ xdx=itan"_1 X—jtan"_2 xdx, n#1.

n—1

1036. J.cot“xdx=— cot“'lx—j‘cot"‘2 xdx, n#1.

n—1

ec" ’xtanx 0= 2

1037. J‘s.ecn xdx =2 jsec“‘zxdx ,n#1.

n—1 n—1

cse" ixcotx L n- 2

1038. J‘csc’rl xdx =— jcsc“‘zxdx, n#l.

n—1 n—1

n+1 m
1039. Ix“ In®™ xdx =2 g jx“ In™" xdx
n+1 n+1

m-1

X
. dxy i 2

m

cIn™ x In™ x m J-ln

Az —
x" X (n—l)x“‘l-l_n—l

1040.

X
1041. :ln“ xdx=xIn" x—njln“_1 xdx

1042. :x“ sinhxdx =x" coshx — njx“_1 coshxdx
1043. .'x“ coshxdx =x" sinhx—njx“'l sinh xdx

1044. | x"sinxdx=—x"cosx + njx“‘1 cosxdx

1045. | x" cosxdx=x"sinx — ann_l sin xdx
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n+1 1 Xn+1
1046. J.x sin~ xdx == sin~tx — I dx

n+1 n+17 ,/1—x?

n+1 n+1
1047. Ix cos ' xdx == _cos'x+ ! j X dx

n+1 n+1 ﬁ
1048. ,[X tan~ xdx—:tan x—L sz
n+l n+171+x
1049. _X by dx
a a‘ax"+b
dx —2ax—b
1050.
'[(ax +bx+c)n (n—l)(b2 —4achX2"‘bX"'C)n_1
_ 2(2n-3h j dx n#l
(n—l)(b2—4ac) (ax2+bx+c)n_l’ |
dx X 2n-3 dx
1051. = ’
J.(x +a’) 2(H‘1)32(X2+a2)n_1+ u~1p° I(X trat)”
n#l.
% X
1052. =
T N e
__2n-3 j dx n#l
2(11—1)32 (X _az) T
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9.8 Definite Integral o= J 5!

b b
&b oo 1351 Definite integral of a function: jf(x)dx ; Ig(x)d.x 5 43

Oles) gso>e  Riemann sum: Zn:f(gi)Axi

i1
S8 olyuss Small changes: Ax;,
linieds Antiderivatives: F(x), G(x)
ke =S JI,S5! 594> Limits of integrations: a, b, ¢, d

lim if(gi)Axi ,
maan_)x:o—w i=1

1083. [f(x)x=

ol » S where Ax, =x;-x,,, X, <& <x,.

Yy
y =f(x)
T e
AAHHHH
0 Xg~a x; X, Xiq X X

Wa s Figure 179.
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1054. ildx=b—a

1085. [kf(x)dx = k] f(x)dx

1086. i)+ s o+
1057. )l o~ ek o
1058. [t(x)dx=0

1059, }f(x)dp-if(x)dx

1060. [f(x)dx= [F(xkbx+ [£(x}ix for a<c<b.
1061, [f(x)dx0 if £(x)20 on [a,b]

b
1062. [f(x)dx <0 if f(x)<0 on [a,b].
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1063. Fundamental Theorem of Calculus J1,55! ¢ Jowilyisy Clus polis ausb

[f(x)ix =F(x)! = E(b)- ) if F(x)=£(x).

1064. Method of Substitution (5,ik s,
S Ifx =g(t), then o

[ pbe=fe(e(o)g e,
ol oS :vhere C

c=g"(a), d=g(b).

1065. Integration by Parts  :j> 4 - )5 5,5 JI,5!

b b
judv = (uv)c — jvdu

a

1066. Trapezoidal Rule (sl 4dij93 0acld

]:f(x)dx=b {f(x0)+f(xn)+2§f(xi)}

—a
2n
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YA+ K& Figure 180.

1067. Simpson’s Rule jguuonw 01c8

[ =

+2f(x, )+...+4f(x,_ )+ f(x, )],

oS where

bS;a [£(x, )+ 4f(x, )+ 26(x, )+4f (x, )+

o

a,
X;,=a+ 15 1=051525 005105

n
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VAN K5 Figure 181.

1068. Area Under a Curve  oxo pj colus

S = [f(x)dx = F(b)- F(a),

ol S where F'(x)=f(x).
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y = f(x)

YAY K5 Figure 182,

1069. Area Between Two Curves o 53 e ol

5= ) s(x)kix=F(b)- G(b)- Fa)+ o),

ol oS wheare F(x)=f(x), G'(x)=g(x).
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y
y =f(x)
y =g(x)
0 a b %
VAY |5 Figure 183.
9.9 Improper Integral -t J5sl
oo JSSI b 1595 g0 0au0li 0 puls I, 551

1070. The definite integral If (x)dx is called an improper integral

if
« aorbisinfinite, b coles o b L a
o f(x) has one or more points of discontinuity
in the interval [a,b]. sl asls [a,b] o5l 5 (Srussl das > | X F(X)

c)’L) 5 ‘_gl Al g é:l) f(X) )f‘ )
1071. 1 f(x) is a continuous function on [a,oo), then o551 sl

[£(x)dx = lim [£(x)dx.

n—co
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y = f(x)

YAY s Figure 184.
o)b )9 L;‘ Al gad é’l-’ f(X) /5‘
1072. If f(x) is a continuous function on (—o0,b], then I (il

jf(x)d.x = lim j‘f(x)dx.

n—>—0

y = f(x)

YAO JSs Figure 185.
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Note : The improper integrals in 1071, 1072 are convergent
if the limits exist and are finite; otherwise the integrals are
divergent.

als coled (o g auild D g s (ST o [)San VoYY 5 VoYY Llgy 30 0wl (slod Sl icdlaaly

1073, [f(x)dx = [f(x)dx+ [f(x)dx Al o 1,519 WISl 90 ol e 2

W s
Figure 186.
2l o 181y &ygo ol e )3 W3l oo 1Ked 55 Egee J1,S5] olSST caiil 1)Sad canly cuonn p3 SIS 93 41 (€ s dae (gly S
If for some real number ¢, both of the integrals in the right

side are convergent, then the integral If(x)dx is also

convergent; otherwise it is divergent.

1074. Comparison Theorems a.olis glo auss
Let f(x)and g(x) be continuous functions on the closed

interval [a,o0). Suppose that 0<g(x)<f(x) for all x in
[a,0).
S X olos (gly a5 WS (548 il e [3,99) di 0jl (g9 p diwgn lg B(X) 5 F(X)
AL 1,38, 0<g(x)<f(x) bys [a,°) oL
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)Sl ) bli)‘ ch)‘)m 0 W‘N).u
. If jf (x)dx is convergent, then Ig (x )dx is also

convergent
oS il 151y«

l
. If jg (x)dx is divergent, then jf x )dx is also d;fe{g)ent.

1075. Absolute Convergence

,f “ U185 oSl sy | San ool 3l o] Sn
If I dx is convergent, then the 1ntegral'[f x)dx is abso-

lutely convergent.

1076. Discontinuous Integrand =~ 4wl J,Sul cod &b
Let f (X) be a function which is continuous on the interval

[a,b) but is discontinuous at x=b.Then
b diwge [3,D) 5L 5 a5 conl b F(X)
If(x)d.x— hm f(x)dx ol5S] ol dtwgmli X=b 4> Jg 034

>0+

:f(x) /i

VAV Js Figure 187.
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1077. Let £ (x) be a continuous function for all real numbers x in
the interval [a b] except for some point ¢ in (a,b). Then

'tff(x)d.x = lim f(x)dx + lim f(x)dx

e—0+ 30—>0+

2y [a b] o)b ).DX &DD‘A.C‘ML;‘)J &S ol u.sula f(X)
y O&J] -w‘ M}U (a,b) O)l{ ).) C 4.2.0.) )>

ic %
6= | b
C+e

YA JS& Figure 188.

9.10 Double Integral 55 J,5

Functions of two variables: f(x,y), f(u,v), ...  opiie 95 &35
Double integrals: ”f(x,y)d_xdy 5 ”g(x,y)dxdy, v A6 g ol sl
R R

Riemann sum: izn:f(ui,vj)AxiAyi Oles)y Egoe

i=1 j=1

Small changes: Ax,, Ay, Sl oy

Regions of integration: R, S (.5 J,5al »lg
Polar coordinates: r, 0 _lad clase
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Area: A colus
Surface area: S (49)) gdow Coluwo

Volumeof asolid: V. (siw dw pus o>
Mass of a lamina: m 5,5 p,>

Density: p(x,y) S

First moments: M, M, Jol (cba,5ksS) (closloe
Moments of inertia: I, I, I sl (sl yglisS) (sloilos
Charge of a plate: Q 5,9 )1

Charge density: o(x,y) L SJEs

Coordinates of center of mass: X, ¥ 55 0 claise
Average of a function: 1 5 Sl

1078. Definition of Double Integral —«lg> JI,551 (4 yo5
The double integral over a rectangle [a, b]x[c, d] is defined

tobe 555 oy ) 090 4 [,0]%[C,d] Jates (55 5 655> JI,S5

”f(x,y)dA= mliArxril_)OiZn:f(ui,vj)Axiij ;

[a, b{e, d] . max Ay; —0 1.=1 j.zl Cowl Judats p3 (¢l abads (U5, V) o] o oS
where (ui,v j) is some point in the rectangle

(xi—l’xi)X(Yj—l’Yj)’and AX; =X, =X AV =Y~ Vi

Yy
[xi_11xi] X [yj-1’y]]
d
R

yj
yj-1 ] (UI’V])

0

a 5 X b %

i-1 i
YA S5 Figure 189.
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Cusl pj Sygo 4 R IS 4ol (59 49 JI,S)
The double integral over a general region R is

[[foyda= " [[g(xy)A,

[ Bldese] el R Jolis [a,b]*[c,d] Jidaiwe o ;5 a8
where rectangle [a, b]x [c, d] contains R,
g(x,y)=f(x,y) if f(x,y) isin R and g(x,y)=0 otherwise.

2k 2 B(X,Y)Z0 Sygo ol e 1> gl (X, Y)=F(X,Y) sl 813 R 9,5 F(X,y) )31
y

a b

YA. K& Figure 190.

1079. [[[f(x.y)+g(x,y)HA = [[f(x,y A + [[g(x,y)dA
1080. [[[f(x,y)-s(x,y)ldA = [[f(x,y}dA- [[(x,y)dA

1081, [[kf(x,y)dA =k|[[f(x,y)dA,

where kis a constant, -<wl b k ol s

A oSSl sl )80 R )
1082. If f(x,y)<g(x,y) on R, then ”f(x,y)dA < ”g(x,y)dA.
R R
Ky sk, R gy sl

1083. If f(x,y)ZO on R and ScR, then
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”f(x,y)dAS ”f(x,y)dA.

y
<31
0 X
Yy s
B Figure 191.
)5‘ o&]‘wb@bWﬁ@‘yS9R9Mb)|)9):RL59))J

1084. If f(x,y)>0 on R and R and S are non-overlapping

regions, then Hf(x,y)dA = ”f(x,y)dA + _Uf(x,y)dA ;

RUS
Here RUS is the union of the regions R and S.
Lol ) il S g R sy gloss]

¥

Vay s Figure 192.

260



JHX6l Glus A Lad  CHAPTER 9. INTEGRAL CALCULUS

1085. Iterated Integrals and Fubini’s Theorem (w9 4038 9 5,50 sled! Sl

b q(x)
ﬂf x,y)}dA= | If X,y Jdydx
a p(x)
for a region of type I, S g9 4l gl

R={(x,y)|a <x<b, p(x)<y<q(x)}.

y
Y = q(x)

Y = p(x)
a b

ay s Figure 193.

Hf X,y )dA = j 'ff X,y Jdxdy

culy)

for aregion of type I, ¢ g9 4l lp
R={x,y)|u(y)<x<v(y)c<y<d}.
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X =u(y)

X = v(y)

Va¥ s Figure 194.

>y 9y p A9 15l
1086. Double Integrals over Rectangular Regions

oSl il [a,b]*[c,d] hbiwe 4L R 3]
If R is the rectangular region [a,b]x[c,d], then

oy pasay= | iy =i oy

cuily M‘? wy g(X)h(y) Cyge ‘9» ‘) f(X,y) ‘_J‘)iu‘ ol é’l’ & u.;.ol> s )2
In the special case where the integrand f(x,y) can be writ-
ten as g(x )h(y) we have

ﬂfxy)dxdy Hg h(y Jdxdy = [Jg X)dXJU h( Y)dYJ

1087. Change of Variables i st

o(x,y)

fix,y dxdy = || f|x(u,v),y(u,v ] dudv,
sy sy = (oot
x  0x
28 axy) M5 sSTs
where — ou OV 20is the jacobian of the trans-
a(u,v) aY 6’y
ou ov

formations (x,y)—> (u,v), and $ is the pullback of R which
&S Cool R asb sl as' S g el
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g dmole R iy 5 40 Y=Y (U, V) ¢ X=X(U,V) Ly, b sl o a8
can be computed by x = x(u,v), y= y(u,v) into the defini-
tion of R.

1088. Polar Coordinates ks Glaixe
x=rcos0, y=rsin0.

Yy H
r/
’//’(\\
i ‘|
0 X
Figure 195.

1089. Double Integrals in Polar Coordinates  .lad claise ;o 4840 sled! Sl
The Differential dxdy for Polar Coordinates is

dxdy = ‘5(}(,57) drd6 = rdrdo .

o(r,0)
D98 S g Cogo 4R 4l S
Let the region R is determined as follows:
OSg(O)SrSh(B), a<0<B,where f—a<2m.
Then 5

”f(x,y)dxdy = j‘hf[e?f(r cos0,rsin0)rdrdo .
R

o g(6)
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y
6=p
g(®)
S O=a
/ h(e
f =
//// X

0

VA% S Figure 196.

A3 045 G55 5 Lalgy b 45 43k b bt R 40l 51
[f the region R is the polar rectangle given by

0<a<r<b, a<0Zp,where f—a<2m,

o157 then ol oS

_Uf(x, y)dxdy= iﬁf(r cos0,rsin O)rdrdO ;
R o a

VAY K& Figure 197,
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1090. Area of a Region 45l coluwe
b f{x)

A=.[ jdydx (for a type I region). (S5 £55 4l (gly)

a g(x)

y = h(x)

y=g(x)
a b

YAA s Figure 198.

daly)
A=j J.dxdy (for a type Il region). (9 &5 4b p)
c ply)
¥
d
X =p(y)
X =q(y)
Cc
0 X

Ya' s Figure 199.
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1091. Volume of a Solid ¢, 4w g oo

Y= ”f(x,y)dA.

z
z = f(x,y)
0 y
R
X
Yoo IS5
Figure 200.

oS5T sl Y=g(X) 5 y=h(x) X=b x=a (laj5e L G g4 4l R 3
IfRis a type [ region bounded by x=a, x=b, y=h(x),

y=g(x), then
b a(x)
V= ”f(x,y)dA = Igjf(x,y)dydx ;
R a h(x)

olS5T sl X=p(y) 9 x=q(y) y=d y=C (lajpo L 3> g5 4L R 3]
IfR is a type Il region bounded by y=c, y=d, x=q(y),

x=p(y), then
da(y)
V= ”f(x,y)dA = jqu(x,yﬁxdy.
R cply
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sl o cud & pjdal, LR 4l 69y 2 22=8(X,Y) 9 Z1=F(X,Y) Glo (s d g oo oSST sl F(X,¥)28(X,Y) R asb 5 » 51

If f(x,y)>g(x,y) over a region R, then the volume of
the solid between z,=f(x,y) and z,=g(x,y) over R is

given by
” x y ]dA

1092. Area and Volume in Polar Coordinates 7l sloin <

If S is a region in the xy-plane bounded by 6=« , 6 =03,
r=h(0), r=g(0),

oliii then
B 2(8)
A= ”dA Hrdrde
« h(8)

v:jjf (r,0)rdrdo.
S

Y
0=
/
g(®)
: > O=a
/ h(e

// ¥ /('/)/

o 8

Y.\ J&  Figure 201.

1093. Surface Area (09,) cdow colus

ffe(2) (5 e

267




J‘ g &:)‘.MO q l .5 CHAPTER 9. INTEGRAL CALCULUS

B9 P>
094. i ’ '
1 Mass of a Lamina dais > o J&s g a3)S 5 3y R asl 59 of o &8
m = [[p(x,y)dA, ) cul &
A p(X,y) )| o] U)LQ-C (le)

where the lamina occupies a region R and its density at
a point (X,y) is p(x,y).

1095. Moments (&lee) 2 )5kiss
The moment of the lamina about the x-axis is given by for-
mula bl o caws s dally I L X yeme S 5y (Oloe) yolS

M, = [[yp(x,y)dA.

Ll plp ¥ sgme Jo 859 (Olow) soliitS
The moment of the lamina about the y-axis is

MY = pr(x,y)dA.

b el plp X jooe Joor (ool (los
The moment of inertia about the x-axis is

I = [[y’p(x,y)dA.

b el pln Y jme Joo (ool (los
The moment of inertia about the y-axis is

I = ”xzp(x,y)dA.

b casl plp (a8 gyl Gloe
The polar moment of inertia is

I, = [[( + v plxy)dA.

1096. Center of Mass > 5 »

T<=—"=iﬂxp(x’y)dA= r )

m
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[[yp(x,y)dA
M, 1 )
A m _EJ;{[YP(X’Y)dA_ ”P(X,Y)dA .

B9 0L
1097. Charge of a Plate )
Q=”c(x,y)dA, B g o 0305 Roasb (g u-i.‘.);ﬁ")‘e ol &
R O(X,Y) b cwl ply (X,y) aass > o L
where electrical charge is distributed over a region R and its
charge density at a point (x,y) is 6(x,y).

1098. Average of a Function &b ,Slo
1
w= ggf(x,y)dA ;

ol ;& where S= .UdA.
R

9.11 Triple Integral 5 « J,=

Functions of three variables: f(x,y,z), g(x,y,z), v Opusie dw &g

Triple integrals: ”j f(x,y,z)dV, ”j g(x,7,2)dV, ... &5 as sl Xl
G G

Riemann sum: iizp:f(ui,vj,wk)AxiijAzk Olos)y Egero

i1 1 kel
Small changes: Ax;, Ay;, Az, Sul Clyus

Limits of integration: a, b, ¢, d, r,s 5 J,55! 590
Regions of integration: G, T, S ¢,5 JI,5! >y
Cylindrical coordinates: r, 0,z (¢l algiwl Slaise
Spherical coordinates: 1, 0, @ 5,5 Claske
Volume of asolid: V' cux) dus pus o>

269



JSol Glus A Jiaé  CHAPTER 9. INTEGRAL CALCULUS

1099.

L’j ).)45

Mass of asolidi m  can) dws o> o>

Density: w(x,v,z) J&
Coordinates of center of mass: X, 7, Z 5> 5,0 Slaie

First moments: M,_, M, M, Jsl (sl ysleiS) (sleslos
Moments of inertia: I, ,, I,, L, L, I, Ij oyl (sloysliiS) sloslas

xy? “yz? “xz?
S8 aw J1, S5l G o

Definition of Triple Integral

The triple integral over a parallelepiped [a, b]x[c, d]x]r, s]

is defined to be 395 (o &y 2j <90 4 [3,I*[C,dI*[,S] gohaud silgie 55y 3 415 s JIS51

I(x v,z2)dV=lim ZZZf(I,VJ,Wk)AXAyJ Az,

Ax; —0
[a, b][c, dJX[r, ] ﬁﬁﬁy :io i=1 j=1 k=1
maxAzk—>0

where (ui,v J.,wk) is some point in the parallelepiped
(Xi—l’xi)x (Yj—l’Yj)x (Zk—l’zk)’ aI;d AX; =X, —X; ;5
AY; =Y, =Y Az, =2,-2, .

Siloie 53 gl dads

Cowl C?‘E‘“‘Jl

1100. ({[ [f(x,y,z)+ g(x,y,z)]dV=ﬂ f(x,y,z)dV+ I g(x,y,z)dV
G G G
1101. [f(x,y,z)—g(x,y,z)]dV= JH f(x,y,z)dV—J:. g(x,y,z)dV
G G G
1102. ([[ kf(x,y,2)dV = kj [[ fxy,2)dv,
G
where k is a constant. .cul coli K o] )5 o
)f‘ 015." NSl l.ww).o.ccbb L?‘?’T G9
1103.If f(x,y,2)>0 and Gand T are nonoverlapplng basic

regions, then

I ety = I soyzkave [ e yakay.

GuT

Here GUT is the union of the regions G and T.
[C3 .
) ) ol T 4G 2ly glass
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S gl 65 4 23L (X,Y,2) bl 5l (gl asgarme G (gan ds a5, Lo, b 65 d (ol Sl 591
1104. Evaluation of Triple Integrals by Repeated Integrals
If the solid G is the set of points (x,y,z) such that

(x,7)eR, x,(x, 7)<z, (x, y) then o]

] oy ﬂ[ T, )d]dx 6 R

Xl X Y) -w‘ Xy . ‘-59)
where R is projection of G onto the xy-plane.

& g5 & Ak (x,y,z) bl 5l &l 4c goro G cun 4w > )f\
If the solid G is the set of points (X,y,z) such that

a<x<b, ¢(x)<y<,(x) 7, (x,7)<2<y,(x,y), then oSl

(st [| F[ it

a| @)\ ulxy)

golandl jlgte g9 p A Aw LIS
1105. Triple Integrals over Parallelepiped
IfGisa paralleleplped [a, b]x[c, d]x[r, 5], then

5l gghan 6)19,,0@6 b
- ” X y,z)dxdydz { [Ifx y,z)dsz }dx

a T

M)“) cCM:Sy g(X)h(y)k(Z) Cygo A ‘9; «° ‘) f(X,y,Z) Jl)iu‘ ol &’L’ as u.;.ol> el )2
In the special case where the integrand f(x,y,z) can be

written as g(x)h(y)k(z) we have

j! f(x,y,z )dxdydz = Gg(x)dXJth(Y)dyJﬁk(z)dzJ .

1106. Change of Variables s ate s

[]] f0x 2 )ixdydz =
oo e 20022

6(u,v,w)
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& X R
ou Ov Ow ,
Cosl Lot (515
ol 24 where Mza—y o ﬁ;to is the jacobian of
a(u,v,w) ou oOv oOw
a a o
ou oOv ow

the transformations (x,y,z)—)(u,v,w), and S is the pull-
back of G which can be computed by x=x(u,v,w),
Y=YV, W) 5 y=y(uy,w) x=x(Uy,w) Ly, L o cul G goes S
= z(u,v,w) into the definition of G. 355 o dsilee G iy 5 4 2=2(U,V, W)
&l &gl Elates ;5 5 aw lll S
1107. Triple Integrals in Cylindrical Coordinates
The differential dxdydz for cylindrical coordinates is

ox,y,2) drd0dz = rdrdddz .
a(r,0,z)

il A5 iy ) Gygo & G (gdw dus >
Let the solid G is determined as follows:
(x,y)e R, xl(x,y)ﬁz sz(x,y), olSST .l XY daxio g9y 2 G g R o] 3 &S
where R is projection of G onto the xy-plane. Then

,[,” f(X’Y:Z)dxdydz = ”I f (r cosO,r sinO,z)rdrdOdz
G S

dxdydz =

xz(rcose,rsine)
= _” { _[f(l'COSB,rSine,Z)dz] rdrdd.  » G zyiwe S bl

R(r,8)| 7, (rcos8,rsin@) Lol 4:]91.\»1 Slaise

Here S is the pullback of G in cylindrical coordinates.
89S Slaizw ) &5 aw Xl
1108. Triple Integrals in Spherical Coordinates

The Differential dxdydz for Spherical Coordinates is

a(x y Z) l.) Cow ).3‘).3 69)5 Slaisce d‘)’. dXdeZ J..«.;.w‘)m.)
227 drd0dp=r’ sin 0drdOd¢

a(r,e,(p)

_”j f(x,y,z)dxdydz =

dxdydz =
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= j” f(r sin B cos @,rsinOsin ¢,rcos 9) r’ sin0drd0de,
S

where the solid S is the pullback of G in spherical coordi-
nates. Theangle 0 ranges from 0to 2z, the angle ¢

ranges from 0 to 7. 4lj .Cul 55)5 Claw 3G jl gt S hn dw pua ol 13 &

A8 o s 2TLE O 51 P agly S oy 2T 0 516
b4

Y-v K5 Figure 202.

1109. Volume of a Solid  caw dw o> o>
V= [[[ dxdydz
G

1110. Volume in Cylindrical Coordinates (¢l «lginl Claie > poe
V= j” rdrdfdz

S(r,0,z)
1111. Volume in Spherical Coordinates (9,5 ©laie )3 wo
V= j” r’sin0drd0de

S(r:8,9)
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1112.

1113.

1114.

1115.

St s > >

l:nllf}fj-f a:ézh;z)dv 5 48 o Jdl ) G anb gan o pua ol o &S
) 2 ’ Cal LGY,Z) byl (X,Y,2) abais s o J&s

where the solid occupies a region G and its density at

a point (x,y,z) is p.(x,y,z).

Center of Mass of a Solid  (s3x 4w g > S50
M., M M

X=—17 » ¥ = Xzaz=—xy)
m m m

where | 5«

M, = |]] xu x,y,z)dV ,
G
M, = ([ yp(x,y,z)dV ; ' )
e X=0 i & Sloxio Jo> Jgl 5(2)5leis ) leilos
MXY - JJJ ZH(X)Y’Z)dV ! ‘_SJK>. @U H(X,V,Z) sl <° z=0 ‘y=0
G

are the first moments about the coordinate planes x=0,
y=0, z=0, respectively, p.(x,y,z) is the density function.

Moments of Inertia about the xy-plane (or z=0), yz-plane

(x=0.?,.andxz-plane (Yzo)b.) XY dxio Joo oyl 5()ygliiS ) leslee
_ 2

Iy=]l)z nx,y,z)dv, (Y=0) XZ asiws o (X=0) yZ asiws (2=0

G

[ = .“xzp,(x,y,z)dV,

I, = [ yzp(x,y,z)dV.
G

S VR N RGN B IREr L
Moments of Inertia about the x-axis, y-axis, and z-axis

L=1_+I1_=|||*+y julx,y,2)dV,
v G

I, =T, +1,, = [[[ & +x h(x,y,z)dv,
G
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L=1,+1,= J” (y2 +x2)p(x,y,z)dV
G

1116. Polar Moment of Inertia olad oo )b) )9L~5) o

Ly=1,+1, +1, ”J (X +yi+z )p(x,y,

9.12 Line Integral ks Jss!

Scalar functions: F(x,y,z), F(x,y), f(x) J&ul ly
Scalar potential: u(x,y,z) JRICOm Voo

Curves: G, C, €, o oo

Limits of integrations: a,b, o, B Ly, J,Ssl s9i
Parameters: t,s ol

Polar coordinates: r, 6 a8 Claise

Vector field: F(P,Q,R) Sy e

Position vector: ?(s) Ol Hby

- = =

Unit vectors: i, j, k, T sly by
Areaof region: S anl colus
Lengthofacurve: L oo Job
Massof awire:m sy

Density: p(x,y,z), p(x,y) s
Coordinates of center of mass: X, ¥, Z 5 5,0 late

First moments: M, M, Ml (sl ygksS) (closlos
Moments of inertia: I, [, I, il (sl )sksS) slosles
Volumeofasolid: V. cun dw puss oo

Work: W |is

Magnetic field: B omblize lise
Current:I L,

Electromotive force: £ 459095l (59,0
Magnetic flux: bl )l
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Il b5 K bt IS ‘
1117. Line Integral of a Scalar Function <wl o8 0313 (6,1 &l cnl b C e
Let a curve C be given by the vector function ¥ =7(s),

0<s<8S,and a scalar function F is defined over the curve C.
Then o510 iy € isio 59y 50 F ISl &b

)
jF(i"(s))ds = jF(x,y,z)ds = des ;
0 c c sl oS Jsbo Juwdl > ds ] 3 a8

where ds is the arc length differential.

1118. des=des+des

Gt C, (5
A Co
B
D
C,
Yoy S
Figure 203.

09 ailgi gyl &g abuly (b C Jlsen e 5]
1119. If the smooth curve C is parametrized by ¥ =F(t),

a<t<B,then g

JEGoy-z)ds = iF(x(t),Y(t),Z(t))\/(X’(t))z +(y'(t)) +E()F dt.

1120. If C is a smooth curve in the xy-plane given by the equation
¥ = f(x), a<x<b,then .

IF(x,y)ds = iF(x,f(x) W1+ (f'(x))2 dx.

ook latses (3 Il b s 1Sl
1121. Line Integral of Scalar Function in Polar Coordinates
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B 2 . |
IF(x,y)ds = IF(rcos 0,rsin 9) r? +($J do, é’b LC u*’“ ol 5 45"
c o do 395 (g0 iy o5 1(8) oo
where the curve C is defined by the polar function r(6).
o b b3 IS
1122. Line Integral of Vector Field
Let a curve C be defined by the vector function r = F(s) ;
0<s<S.Then g
£= %=(cosa cos3,cos )
ds P COSEEOSTT il i gl 1 ol Las 1l o
is the unit vector of the tangent line to this curve.

V4
r(s=0)
c F
T
r(s=S)
0 ¥
X
Vo¥ S
Figure 204.

Dy (g0 B yx C SR (£9) F(P,Q,R) SHby UL\*"
Let a vector field ﬁ(P,Q,R) is defined over the curve C.
Then the line integral of the vector field F along the curve
Cis bl ol € oswio sbly 0 F ()ls e b 1,51 o5
S

dex+Qdy+Rdz=j(Pcosoc+Qcos[3+Rcosy)ds .
C

0
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1123.

1124,

1125.

1126.

6y ol s ol S5l oles
Properties of Line Integrals of Vector Fields

I(F'dF)Z_I(F°d?)’ ol s slialy b smie S5l —C ol o oS

-C C
where -C denote the curve with the opposite orientation.

[E-de)= [(E-dr)=[(E-dr)+ [E-ar), plassl C o o o
¢ SIS G . Lol Cz 9 C1 L;Le(m

where C is the union of the curves C, and C,.

9d oo iy daly b g yehl ©jg0 4 € oo 3]
If the curve C is parameterized by 7(t)= (x(t),y(t),z(t)> 5

a<t<[,then &
[Pdx +Qdy +Rdz=
C

=i(mx(t),y(t),z(t»j—’t&Q(x<t>y(t),z(t>>j—{+R(xamuz(t))%jdt

If C lies in the xy-plane and given by the equation y =f(x),
then ol5T il oad ools y=F(X) alasl, b g b axsly |3 XY axiw ;5 C 3

dex+Qdy=i(P(x,f(x))+Q(x,f(x))%]dx.

Green’s Theorem )5 4.2
O OP
”(—Q——dedy=§de+Qdy,
R\Ox Oy o
where F=P(x,y)T+Q(x,y)f is a continuous vector func-
tion with continuous first partial derivatives Z—P, 6_Q ina
¥
some domain R, which is bounded by a closed, piecewise
smooth curve C.

ol R aiols )3 dtwgm Jol (i Olitio b diwgn )l p b SO F o 5 o8
Cawl 018 asuie C (gl 4S5 jlgen iy doxio b diald (pl jye oS
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1127.

1128.

o 55

1129.

ol 00 asuie C oxie b ol 550 &5 R ap b colue
Area of a Region R Bounded by the Curve C

§= ”dxdy = %§xdy— ydx
R C

bt eyl oo izl
Path Independence of Line Integrals

The line integral of a vector function F=Pi+Qj+Rk is

said to be path independent, if and only if P, Q, and R are
continuous in a domain D, and if there exists some scalar
function u=u(x,y,z) (a scalar potential) in D such that

wiS F=Pi+Q+RK g)sy ol L S

]_.5=gradu,or a—u=P, a—u=Q, 6—u=R.,§|L@9,§| ol o | Jiins 4 398 o0

L Ox oy 0z o 51y il ge D s 5 R 4 Q P

Then D, (sl Jeile) USU(XY,Z) S

[F(F)-df = [Pdx +Qdy+Rdz=u(B)-u(A). & a5 sl il oy
C C

Sy e (sl 905]
Test for a Conservative Field

A vector field of the form F=grad u is called a conservative
field. The line integral of a vector function F=Pi+Qj+Rk
is path independent if and only if .|, .. F=grad u Jss & o)lsp olose

T ] E Sbhy &b ks Sl el o odls

curl F= 0 0 90| 0. s 5 51 Cuwl ypmo 3 Jiws F=Pi+Qj+Rk
x oy oz P
P Q R

1S 5 5 4 39 4B S XY domivo 3 b 1,55 3]
If the line integral is taken in xy-plane so that

[Pdx +Qdy=u(B)-u(A),

then the test for determining if a vector field is conservative
can be written in the form
0P 0Q

= o 9 bl b sy plae LT 4G s sl gge5l o]
oF O% 5 azdg IS5 oyl &y wlgs
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1130. Length of a Curve  ioxie Jsb

e ] 2] (5]

o o

where C ia a piecewise smooth curve described by the posi-
tion vector F(t), A<t <P. by b oS cul &l &5 Jlsen e C ] 3 &S

) . , 29 (oo Cmogs (L) 5
If the curve C is two-dimensional, then

B4z B 2 2 Wil gamgd C e S
g(t dt=| = WL Y ’ .
dt SV dt dt o5

L= Ids = j
C o
If the curve C is the graph of a function y=f(x) in the xy-
plane (a <x <b), then s, xy air ,> y=F(x) &b Jhges C izxin S
; : oS
L=[,/1+ (d—yj dx.

dx

1131. Length of a Curve in Polar Coordinates  ohd claiw 3 e Jsb
©(drY’
L= j (—J +r* do,
° {\.do
where the curve C is given by the equation r=1(0),

<0< in polar coordinates. r=r(@) ablee L C oxie o] o

o £ ASOSP g (0 03l  hod ilaisee
1132. Mass of a Wire

m= J'p(x,y,Z)ds, ]
(6 ) o J9L> .&>‘9 » Py p(X,y,Z) U‘ )2 FLY
where p(x,y,z) is the mass per unit length of the wire.

If C is a curve parametrized by the vector function

F(t)=<x(t), y(t), z(t)> , then the mass can be computed by
the formula .5 wse oyl Syee 4 M(E) )by &b L C Lowe )3
355 dsmlno J9oi8 nl b Ol 0 1) p 2 oS
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1133.

1134.

m= [p(x(t), y(t),z(t))\/(j’t‘f +[%] +[%) dt.

If C is a curve in xXy-plane, then the mass of the wire is given

m= [p(x,y)ds, 29 (50 dpwlne
(8
or
. ‘ b &
m=j.p(x(t),y(t)) % 2 + wid 2 dt (in paﬁ:niif}ﬁ;i)).
) dt dt
Center of Mass of a Wire m £2> 5
M, M M
x=—" ’ ?: 2, Z= =i ’
m m m

here ol » &

= ..xp(x,y,z)ds 5

C

w
M
M, = : yp(x,y,z)ds ,
M

C

| Zp(x,y,z)ds.
G
Moments of Inertia %! s(2)9ti5) Lslos
The moments of inertia about the x-axis, y-axis, and z-axis
B O N IS ey o )
IX:. ¥k (X’Y’Z)ds’ g (0 03 baslgy I LZ yoe oY

C

I, = ..(Xz +zz))(x,y,z)ds ,

C

L = ..(x2 + y2)p(x,y,z)ds .

C
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1135. Area of a Region Bounded by a Closed Curve
S=§Xdy=‘§’YdX=%§xdy—ydx. Ly (G250 S5 0 b 4l Conlis
C C C

Ve S
Figure 205.
3,5 alore abasly ol b lg (oo |y Conlune oSS a9 0005 F() (60l b JSKi a0 € dttany i ST

If the closed curve C is given in parametric form
F(t)= (x(t), y(t)> , then the area can be calculated by the for-

mula

S = jx Ydt——j dt—gj( (t)jy Y()dxjdt

t dt
)wJwaU‘m‘ewJﬁiﬁdw‘www
1136. Volume of a Solid Formed by Rotating a Closed Curve
about the x-axis

V= —n§y2dx = —2n§xydy = —£§2xydy+ ydx
C C 2 Cc
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y
7 RS (?
/( / R %'. ",{,’\\
[ SRR
! |
( ‘1/ [ 1]
o P 0
0 " ‘ | J'| || J
\ \Q f\\ i
\ A
10004
” it
YeF IS
Figure 206.

1137. Work 2%

Work done by a force F on an object moving along a curve
C is given by the line integral & oo pus 59y 2 F (59555 bawgs o0 ploxil )8

W= [F-dF, 395 (o 030 ks 185! ol L C iomio (slily o
C

where F is the vector force field acting on the object, df is
the unit tangent vector. .. , u

Z

Cawl 2.9 LS)"))’. Ol.&:.o F OT 2 &S

ol oloo I3 el yasd AF 06 0 3)lg
ar

Ye¥ S
Figure 207.
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If the object is moved along a curve C in the xy-plane, then

=jF-d?=dex+Qdy,
C C

555 o IS dsssleo gl dlaly (sl o sime 4 LI T) 30 aseiio T el L C o 51
If a path C is specified by a parameter t (t often means
time), the formula for calculating work becomes

W= [ a(thy(aft) o Qla{ehy)aft) G Rtehyitpt) e o

where t goes from o to . .y, LPaajt s

If a vector field E is conservative and u(x,y,z) is a scalar
potential of the field, then the work on an object moving

from A to B can be found by the formula

W= (B )~ u(A ). ol sty e sl ISl U(X,Y,2) 5 25k o F 555 oloso 51

1138. Ampere’s Law

§I§odf=u01.
c

The line integral of a magnetic field B around a closed path
C is equal to the total current I flowing through the area
bounded by the path. L s L ) C aiey je GLLIB iblisn ol b I,

Db o by dlas poe jpo b Colue jlaST cunl | IS

VoA S
Figure 208.
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1139. Faraday’s Law 3,18 (98
e=§E-di= _dy
L dt
adls 1 035,38 P b lize jLo s #5 b canl ply € dty ddls Gl bl o Wl € (€MF) 45909 5801 (695
The electromotive force (emf) ¢ induced around a closed
loop C is equal to the rate of the change of magnetic flux

passing through the loop.

P s s
Change in ¥

/// 2

Yeq s
Figure 209.

9.13 Surface Integral &~ J,~

Scalar functions: f(x,y,z), Z(X,y) Al @l

Position vectors: F(u,v), F(x,y,z) CaunBgo (sla )l

Unit vectors: T, j, k a>lg slayld

Surface: S (49)) gdaw

Vector field: E(P,Q,R) )by ol

Divergence of a vector field: divE=V-F )P olbe pliyss
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1140.

Curl of a vector field: curl F=V xE )by e J,S

Vector element of a surface: dS  gaw )by ol
Normal to surface: 1 xhw 5 (Jbo ) 390

Surface area: A  zow colus
Mass of a surface: m  phaw o>

Density: p.(x,y,z) S

Coordinates of center of mass: X, ¥,z p» 50 Slaiw

xy? M sz (P )5)"’ Slaize
Momentsofinertia: I_, [, I, 1, 1,1, ool g(la)gkis) kil
Volumeof asolid: V. (sun 4w puss o>

First moments: M v

Force: F 9

Gravitational constant: G 1,5 ol

Fluid velocity: V(F) Jlw ceyw

Fluid density: p = Jlw J&>

Pressure: p(F) HLas

Mass flux, electric flux: @ Sl )L ¢ oy 5L
Surface charge: Q  alaw )b

Charge density: 6(x,y) i J&s

Magnitude of the electric field: E xSl olawe s

ISl b s S

Surface Integral of.a Scalar Functl?r.l el 05 01> Cansbgan oy ) 'S gebano
Let a surface S lze given bzf the position Vector,. 1, . (4 v) sy o o
?(U’V)= x(u,v)i + Y(U’V)j + z(u,v)k ) S o w5 UV dxio D(U,V)
where (u,v) ranges over some domain D(u,v) of the uv-

Plane. 555 o iy 90 0l 4S o g5y 2 F(X,Y,2) JSul b da J1, S5l
The surface integral of a scalar function f(x,y,z) over

the surface S is defined as

ofr or
fix,v,z)dS= fix(u,v),vlu,v)zlu,v))—x—dudv,
[[foyais= [ fstwvhy(avhetun) e
where the partial derivatives o and 24 are given by
ou ov

dgb (o 03> i balgy b o3 litie ol o as
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LT L A ST
ou ou

ou du

or ox > aY - 0z =

— =, v)i +-(u,v)j +—(u,v )k

8 2 e 2 ) )

, and Z—rx@is the cross product. .ol ¢y, oo
u

olSST sl D(X,Y) atels 3 ply e b G Z(X,Y) o 55 45 39 0313 Z=Z(X,Y) dolee LS (45,) aaw |3
1141.If the surface S is given by the equation z=z(x,y) where
z(x,y) is a differentiable function in the domain D(x,y),

then

2
Hf(x,y,z)ds = ” f(x,y,z(x,y))\/l + (%T + [@J dxdy.
S D(x.y) Oy
S g 55 2 F sy olove o J S5

1142. Surface Integral of the Vector Field F over the Surface $
o If Sis oriented outward, then 153 s\, assl i))S o Caows 4 S S

”F(x,y,z)~ dS= ”F(x,y,z)- ndS
S S

E or or
- ” )F(x(u,v),y(u,v),z(u,v)). [6_ i a}dudv .

D(u,v u

o If Sisoriented inward, then oK1 sl 4l 21,5 19 Cow 4 S 3
HF(x,y,z)~ dS= Hl—i(x,y,z)- ndS
S S

= or or
= ” F(x(u,v),y(u,v),z(u,v))'[—r><—r}dudv.
Do) ov cu
ol Lo pe cla sy JSul Gps xe 4 alads Dg 0 0duel pdaw (g3 ledl AS
dS =ndS is called the vector element of the surface. Dot
means the scalar product of the appropriate vectors.

— —

The partial derivatives L and 7= are given by
ou ov

Do oo 03 balgy pl b o slediin
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Z‘; z(u ! f+%(u,v) 3+2_z(u K,
6? 6x

¥ aY + 0z T
—(u,v)i+—-(u,v)j+—I_u,v)k.
o5T wsb D(X,y) mb 3 ey e 2B K Z(X,Y) ol g a8 g o3l Z=Z(X,Y) dolee LS aw 3]
1143.If the surface S is given by the equation z =z(x,y), where

z(x,y) is a differentiable function in the domain D(x,y),
then

« If S is oriented upward, i.e. the k-th component of the

normal vector is positive, then o il 4l LS Vb o 40 S 5]

_UF X,y,z)-dS= ﬂFx Vo2) RAS o, cote (Jloy) sgee oy phk ailge

ol&5]

5 0z~+ 0z-

= F(x,y,z) [—1 ——1] +dexdy,
D(U:Y) ox oy

« If S isoriented downward, i.e. the k-th component of the
normal vector is negative, then ., .l asl, 28 5ul ceow 44 S 3]

jjﬁ(x,y,z)-d§=H?(x,y,z)-ﬁds il (e (Jly) s9es Sy ek addge
S S

N4

> oz- 01~ =

= F(x,y,z)-(i +—7- dexdy.
DZ[(J,‘y) 5X ay

1144, [[(f s = [[Pdydz +Qdzdx + Rdxdy
S S
= H(Pcosoc +QcosP+Rcos y)dS 5

S
where P(x,y,z), Q(x,y,z), R(x,y,z) are the components of
the vector field E.
cosc, cosf, cosy arethe angles between the outer unit

normal vector 1i and the x-axis, y-axis, and z-axis, respect-
ively.

€osa .l o F )by olawe o addge R(X,y,2) Q(X,Y,2) P(X,y,2) o » &
Cal Z jome 9 Y oo X ygme 9 N (Jloyi) 2508 Jby (e sblys < 4 COSY COSPB
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Sygo ol A oy abasly oST Wbl o o3l 1(X(U,V),y(U,V),Z(U,V)) s b (gl IS5 4 S (a5)) aw 3]

1145.

1146.

1147.

1148.

If the surface S is given in parametric form by the vector 553 o atiy
f(x(u,v),y(u,v),z(u,v)), then the latter formula can be

written as

P Q R

ox 0Oy oz

F-nMdS = || Pdydz + Qdzdx + Rdxdy = — — —dudy,

'[Sj( )d '” g < 4= D'[J‘v) ou Ou Ou

x o o

ov v v
where (u,v) ranges over some domain D(u,v) of the uv-
plane. LS o yiS UV asxis j D(U,V) asls jo (U,V) o] o o8

.&‘3)9.’.3 dpa8
Divergence Theorem

ffE-ds=[[[(v-Elav,
Vzhere ol )Gs & QP ol slo addge a5 ol gyl e K

F(X,y,z)= <P(x,y,z),Q(x,y,z), R(x,y,z)> 5 dtwy o lizie R
is a vector field whose components P, Q, and R have
continuous partial derivatives,

- OP 6Q OR  olss a6 J1,550 ks 355 oo 03l b 5 AIVF L & casd F sl

V:-E=—+
ox ay az Dol (oo 485 diny pdaw g9y p &S Cuwl paw JLSII xe s 00 00l

is the divergence of F, also denoted divE. The symbol

ﬁ indicates that the surface integral is taken over a closed

surface.
Olase IS5 )3 yuil} )90 dpas
Divergence Theorem in Coordinate Form

(ap Q,

5{:} Pdydz + Qdxdz + Rdxdy = j I} jdxdydz

6z

Stoke’s Theorem S giwol duid

fE-di=[[(VxE)-ds,
C S

289



J‘ g5l &:)‘-MO q l .5 CHAPTER 9. INTEGRAL CALCULUS

1149.

1150.

1151.

where ol »« QP o sl ailge o5 ol () liue K

F(x,7,2)= (P(6,7:2h QRO Y2h ROGY:Z)) s gy i clizio R
is a vector field whose components P, Q, and R have
continuous partial derivatives,

o| (R Q) (ap GRT 6Q &P ).
— = ———i+| ——— ]+ —=—-—— |k
x| loy oz oz ox ox Oy
R

is the curl of F, also denoted curl F.

~

1 )
V><F=i i
0x Ox
P Q

The symbol § indicates that the line integral is taken over

e 4 odd oy i LKl sles g e o3l L g5 CUFIF L &S cul F 8
gl (0 485 Wy (Soxin (59 3 &S ol L 1,51

Stoke’s Theorem in Coordinate Form  claiswe JSi5 ,5 juS giunl apib

§Pdx +Qdy +Rdz

C

= j[a—R—a—Qdedz+[a—P—a—RJd zdx + [a—Q—a—P]dxdy
oz ox ox Oy

a closed curve.

Surface Area gw colus

A=jsjds

If the surface S is parameterized by the vector
f(u,v)=x(u,v)i +y(u,v)j +z(u,v )k, Coygo 4 0y ol 'S (arg)) pdaws 5]
then the surface area is s Corluws oS 095 ol il
a a_’ e S
A= .[j —rX—dUdV, bw‘y‘y
(u v)

where D(u,v) is the domain where the surface f(u,v) is
defined. 5 r(U,v) (ag)) o (5] 3 4 sl (sl aiels D(U,V) ] s &5

ol 045
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1152.

1163.

11564.

1155.

l{ Caw] ).g‘).g ﬁL:.w Coluo oliﬂ ‘.)9.«3 ul.o Z(X,y) é’l’ l; Ty CHgo L S )f‘
If S is given explicitly by the function z(x,y), then the sur-

face area is

LT
A= 1+ + dxdy,
D([:[Y)\/ [ax oy !

where D(x,y) is the projection of the surface S onto the xy-
plane. cLlXy axin 59y » S maw powi D(XY) o &S

caw p >

Mass of a Surface

m=ﬂp.(x,y,z)d$, ’
5 Cal (J& @) s 1y 2 2 WXY,2Z) 55 oS
where (x,y,z) is the mass per unit area (density func-

tion).

Center of Mass of a Shell  aiwg p > 5,0
M., M M

x=—7 ’ V= = E=—XY’
m m m

M, = [[ynloyz)ds,  clbio Jo Jyl clllos) loyslisS wos &
y Lk z=0 y=0 x=0 claixw

M. = zp_(x,y,z)dS < _

B ‘s ol Q;HS> C"l’ IJ-(X;V;Z)

are the first moments about the coordinate planes x=0,
y=0, z=0, respectively. p.(x,y,z) is the density function.

Moments of Inertia about the xy-plane (or z=0), yz-plane
(x=0), and xz-plane (y=0)

S _ ) ~ . j
(Y=0) XZ axis ¢ (X=0) yZ axiw (2=0
IYZ = .UXZH'(XaYaZ)dS y
S
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1156.

11567.

1158.

1159.

1160.

I, = ”yzp(x,y,z)ds.
S

Moments of Inertia about the x-axis, y-axis, and z-axis
=[] 2 oy )ds, Jo> o) sslledlos) laysliis
S
= Fil z Y X
I = f] (X2 +zz)p(x,y,z)d8 ’ )97 9 Y yeme X oo
S
I,= . .(xz +y2)p.t(x,y,z)d8 .

S
(29)) ow S clojpe b (gan dw o o>
Volume of a Solid Bounded by a Closed Surface

V= % ﬁxdydz + ydxdz +zdxdy
S

Gravitational Force o%hS $ay

F=Gm|] u(xy,z) L ds, &3 one (X0,Y0,20) daii p e M (] o &5
. ' sl (223))

where m is a mass at a point <x0 Yo ,zo> outside the surface,

Py Yo ) p Gy e JSe b BV
p.(x,y,z) is the density function,

and G is gravitational constant. e

Pressure Force  )Lié (g9

b= .UP(F)dS >y g oo Jleel wnd 03 I Cumbga o L 4SS (4g)) gdaw 59y » P(F) Lz ol s oS
s

where the pressure p(f) acts on the surface S given by
the position vector 7.

Fluid Flux (across the surface S) (S (a,) zdow 5l 035,35) Jlow Lo

®=ffv(¥)-ds,
S
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1161.

1162.

1163.

where V(1) is the fluid velocity.  .cul Jbw coyu V(F) o 5 &8

Mass Flux (across the surface S) (S (ay9)) pdaw jl 003,38) ooy> L3

@ = ffpv(F)-dS,
S

where F=p¥ is the vector field, p is the fluid density.

Surface Charge (daw )b

Q= cl\ X, S) 1
JSI (oy M ol (o b JEs O(X,Y) o oS

where o(x,y) is the surface charge density.

Gauss’ Law 095 096
The electric flux through any closed surface is proportional
to the charge Q enclosed by the surface

@:ﬁﬁ.dé’:g b conlito dtus (41g)) pdaws ya 3l os)d8 S5 sl L
S

b

%o sl (dy9)) s o] by 005 485500 QL
where

@ is the electric flux,
E is the magnitude of the electric field strength,

g, =8,85x 10" — is permittivity of free space.
m

O] )36
o] (S0 5 b

ol (S S lsie s Hlade E
) Jlﬂ slas L;).:A;J?w €o
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Differential Equations

Functions of one variable:y, p, q,u, g, h, G, H,r,z o e S g
Arguments (independent variables): X,y (J&tuwe (sl puiie) LeilogS|
Functions of two variables: f(x,y), M(x,y), N(x,y)

. . , ., . d . .
First order derivative: y', u’, v, d—f, Jol 45 e Gidio
1 .
Second order derivatives: v”, ¥, FTOER pd 4 yo ldtiie
. L u O'u e s
Partial derivatives: g™ > olike

Natural number: n b D4

Particular solutions: y,, y, ool skl

Real numbers: k, t,C, C,, C,, p,q, &, B d> ol

Roots of the characteristic equations: A, &, aasuie OYolw o ady)
Time: t O]

Temperature: T,S >

Population function: P(t) Curos b0

Mass of an object: m > p >

Stiffness of a spring: k 8 ew

Displacement of the mass from equilibrium: y =~ J2% jl p»> (2bel>
Amplitude of the displacement: A Lol 4wl

Frequency: ® =0,

Damping coefficient: y lxe c2ro

Phase angle of the displacement: §  (2bol ;16 445

Angular displacement: 0 ! 45l 2bel

Pendulum length: L~ Jsab Job
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Acceleration of gravity: g = il,5 Clus
Cur.rent: I by

Resistance: R cuoglio

Inductance: L (_usbiS'gil) oWl o
Capacitance: C  (;) cud)bs

10.1 First Order Ordinary Differential
Equations

1164.

1165.

Linear Equations |3 &Yolse
Lty =ax).

The general solution is L cuwl ol K5 >
ju(x)q(x)dx +C
ulx)

where ol p &

u(x)=exp([ p(x)dx).

Separable Equations gl Y olee
%= f(x,y)=g(xh(y)

The general solution is given by L cwl ply IS |
dy
——=|gxax+C,

iy~ e

or L
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1166

1167.

1168.

. Homogeneous Equations ed SYolro

The differential equation %=f(x,y) is homogeneous, if

the function f(x,y) is homogeneous, that is

ftx,ty)=f(x,7). &b 5wl 5Ken dy/dX=f(X,y) Jousiliss dsles
Floty)=f(x,y) o casl oSen fX,y)

The substitution z =" (then y=zx) leads to the separable

equation ‘Jﬂ*"}ix‘ Ol 4 e (Y=ZX o) Z2Y/X (6 Sl

X¥+Z =f(1,2). 295 on oigblr

Bernoulli Equation  Joip 4l
—+ p(x)y=qx)y".
355 oo 35 s doles 4 e 72y oISl

The substitution z=y" " leads to the linear equation

P

Riccati Equation Sl dblxe

& p(x)+a(x)y +rx)y’

If a particular solution y, is known, then the general solu-
tion can be obtained with the help of substitution

zZ= 1 , which leads to the first order linear equation
. ¥ Jo oSSl sl pglae Y1 ol g ]
& o vl e S5 L g o b o
b e 5 gl s & 251/ (yy1)
D9 (o0 Jol dsiye (b dbles
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1169.

1170.

1171.

Exact and Nonexact Equations 392y 5 385 &¥oleo
The equation  alslee

M(x,y Jdx+N(x,y)dy =0

is called exactif 51,505 o oul 593
oM _oN

oy ox

and nonexact otherwise. -Cuwl 5385 pe Gygo (pl e jd 9

The general solutionis L cuwl ply I |

[M(x,y)dx+ [N(x,y)dy =C.

Radioactive Decay 5:551g2ly 4 3o
dy _
a0 s e Kyt gl o sl e e Y(E) o 5 5
where y(t) is the amount of radioactive element at time t, k
is the rate of decay.

b ol plp oo
The solution is sl adgl Jlude Yo=y(0) ol o &S
y(t)=y,e™, where y, =y(0) is the initial amount.

OPg (b S (58

Newton’s Law of Cooling

d—Tz—k(T—S), K bl Lo (gbos S b loj 55 s (slod T(E) o o a8

dt Lol Cuie ol

where T(t) is the temperature of an object at time t, S is the -

temperature of the surrounding environment, k is a posi-
tive constant.

The solutionis L cuwl ply Gl

T(t)=5+(T, -$)e™,

where T, =T(0) is the initial temperature of the object at
time t=0.  1t=0 ;lo; > pus adgl slod To=T(0) f ;5 &5
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(Dbl Jdo) Cumen Koty
1172. Population Dynamics (Logistic Model)
Q:kp 1_3 o)l M e el K b yloj )3 cames P() o] o &S
dt M
where P(t) is population at time t, k is a positive constant,

M is a limiting size for the population.

The solution of the differential equation is

Cwl Cuzos sl (g0

P(t)= P (I\TfOPO )e’kt , where P, =P(0) is the initial popu-

lation at time t=0. -cwlt=0 sl 1 adgl cuxes Po=P(0) I > &

10.2 Second Order Ordinary Differential
Equations

ol colps b (Ren  Jas Yolee
1173. Homogeneous Linear Equations with Constant Coefficients
y' +py +qy=0. s sl plyy o dolas
The characteristic equation is
M +ph+q=0.
L cwl ply oges Clo N4 Wil dasuine dolre plote ads sla ddy A, 9}\1 S
If &, and X, are distinct real roots of the characteristic
equation, then the general solution is
y=C,e"* +C,e"™, where Sl 6,8 LSl culgi C 5 Cy )] o oS
C, and C, are integration constants.

L Caww! ).3‘)). RHE u‘9> ol5] J\l=?\2=—p/2 )f‘
If A,=h,= —% , then the general solution is

P
y= (C1 +C2x)e 2 s

If &, and X, are complex numbers: 1l ks shicl A=A, Sl
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1174.

1175.

h=a+Pi, h,=a—Pi,where I,

2 2
then the general solution is
y=e"(C, cosPx +C,sinBx).
b cuolpo b (Senys (ad ©Yolee
Inhomogeneous Linear Equations with Constant
Coefficients
y'+py +qy =f(x). s ol (Fand Asle ol s Vi

The general solution is given by by (Sen dble (ogee Cle> Yh

Y=Y, + ¥y, Where (Ao ) VWY (il £5590)
¥y, is a particular solution of the inhomogeneous equation

and vy, is the general solution of the associated homogene-
ous equation (see the previous topic 1173).

If the right side has the form

f(x)=e™(P(x)cosPx+P,(x)sinBx), L cuwl plpYp sobs Cle oSl
then the particular solution y, is given by ’
L Ra(x) 5 Ri(X) sl (ol alazin o )5 &

¥ = xke‘”‘(Rl(x)cosBx + Rz(x)sin Bx) y
where the polynomials R (x) and R,(x) have to be found
by using the method of undetermined coefficients.
« If a+pi is not a root of the characteristic equation, then

the power k=0, .cuwl k=0 ;g ol5] rils aascio dsles ady, A+Pi )31
o If a+pi isasimpleroot,then k=1, k=15 sl oolo as, a+Bi 51

.\.u] P Cwd b uu.nl.» w‘)..o (J"’S) )‘ odlésiwl

o If a+Pi isa double root,then k=2. .cuik=2 5wl 45 asy, a+Bi 3|

Differential Equations with y Missing v 5054 a0 Jewilyisd & ¥oleo

V'=E00Y) |l UL oas L) was dlsles ol e 1,5 1, U=y’
Set u=y'. Then the new equation satisfied by v is

u'=f(x,u), el gl 45 y0 sl i dolan 45
which is a first order differential equation.
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1176.

1177.

1178.

Differential Equations with x Missing X dez9 ;o Jeadl > & ¥olso
Yﬂ — f(y,y/) )
Set u=y'.Since a5 bxl .oy l,5 1, u=y’
, du dudy du
Y =] —— N
dx dydx dy
we have
du _ f( )
Tay Tl Jg) ase Jeedl iy dolas 5

which is a first order differential equation.

M)‘D

Free Undamped Vibrations o398 |ye e oIl clils)|
The motion of a Mass on a Spring is described by the equa-
tion

" 395 (o0 Ciwogs dblae (pl b 5 59y ppy2 CS
my +ky=0,

where . » oS el s i K ] m
m is the mass of the object, 72 it Becal o P2

k is the stiffness of the spring, Sl Jola jlp > olul> Y
y is displacement of the mass from equilibrium.

The general solution is b cwl ply seges Clg>

y= Acos(coot— 8),

where  T=2T/Wo b cul plyp 0ol 0,93 cly (uilS 3 W ol obouls aials A ] 5 o
A is the amplitude of the displacement,

. . g 2
o, is the fundamental frequency, the periodis T = =4 3

@,

3 is phase angle of the displacement. -cuwl obxls 56 al; 8
This is an example of simple harmonic motion.

ol 03l g &8 o 51 Jlia Sy o)
Free Damped Vibrations el e ol5l oLl
my + vy + ky=0, where )
v is the damping coefficient. <> 4w Cwl olwe <oy ¥ ol 2 &S
There are 3 cases for the general solution: 3,/ 329 IS Clo> ¢l
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1179.

1180.

Case 1.7* > 4km (overdamped) (003 |pso i) y2>4km DN el
y(t)= Ae™' + Be™",

where | p«S

3 _ —y—+7’—4km " =—y+«,/72—4km
y Moy .

b 2m 2m

Case 2. y* = 4km (critically damped) (sl o3 1) y’=4km ¥ el
y(t)=(A+Bt)™,
where | 5
J—
2m

Case 3. y* <4km (underdamped) (o3 |ps0 o) y’<dkm ¥ el

_r
y(t)=e 2““tAcos(oat—S), where | s

o=+4km—7" .

Simple Pendulum  ssls 54

d29 + ge =0 o] 2 . . | |

dtz L Pl QIS ks 8 oSSyl Job Ll aygly bmle Bl o S
where 0 is the angular displacement, L is the pendulum
length, g is the acceleration of gravity.

bl 11 0 So58” (sblgs sl ogee s>
The general solution for small angles 0 is

0(t)=0, sin \/%t , the period is T = 2R\F ;
8

lg Cowl ).g‘)g U9LJ 0)9.)

RLC Circuit  RLC s
d’1 _dl 1
L—+R—+—-I=V'(t)=0E,_ cosiot),
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ol V(t)=Eg Sin(wt) (wolie) A€ 5Wg xie 5 LRLC jlas j3 by | o] 3 a8

where I is the current in an RLC circuit with an ac voltage
source V(t)=E, sin(ot).

The general solution is U col ply oges Clg>
I(t)=Ce" +C,e™ + Asin(ot— @),
where -] 54

—R+ fRZ_g
r,,= & ’
’ 21
B oE,
A= e ;
(Lcoz——] +R’0’
C
Lo 1
g=arctan| ——— |, ) ) )

C,, C, are constants depending on initial conditions.

e olaie b Juwilyad @Yolee S0

10.3. Some Partial Differential Equations

1181.

1182.

The Laplace Equation MY dbslse

ofu  o*u " g (oo el kil (ga5m e (sl UXY) Jnsliy (6550 &b 4
O Byt Ned e otel spdn e ol J) s Slinie b Jadl iy Yol
applies to potential energy function u(x,y) for a conser-

vative force field in the xy-plane. Partial differential equa-
tions of this type are called elliptic.

The Heat Equation b )5 abslxe
o'u 0'u Ou

Tt T A
ox°~ Oy~ ot
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29 o Jlasl XY a3 UXY) o> @i @ sl (oo Gl 2 Gble 4 )5 bl LS & (olSin oS

WWigd (0 080l (goabuw (g9 (pl 5l Y oleo
applies to the temperature distribution u(x,y) in the xy-

plane when heat is allowed to flow from warm areas to cool
ones. The equations of this type are called parabolic.

1183. The Wave Equation  z40 abslxe
o'u 0'u O'u
2t 27T Az
ox- Oy ot
applies to the displacement u(x,y) of vibrating membranes

and other wave functions. The equations of this type are
called hyperbolic.

o Jlesl zge @lys o3 9 i)l Jb 3 lalie U(X,Y) obel b 4
W oo 0duel Jolia g5 ol 5l Yoleo L3gu
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g yuo Series

11.1 Arithmetic Series b sl

Initial term: a, 4ol &)le
Nthterm: a, AN ¢ le

Difference between successive terms:d =~ Jlsto &ljle lo 8
Number of terms in the series:n ¢, > ©lyle sl
Sum of thefirstnterms: S, oo ©)le N oo

1184. a,=a, ,+d=a, ,+2d=...=a,+(n—1Md

11858. a,+a, =a,+a, _; =..=a;+a

n+1-i

a; ,+a;,

1186. a, =

a,+a, = 2a1+(n—1)d.rl

1187. S, =
2
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11.2 Geometric Series e clew

Initial term: a, aJgl ©,le
Nthterm: a, .IN ¢ le

Common ratio: q  eges 4 Cowd
Number of terms in the series:n = (s > lyle sl
Sum of the first n terms: S| cuss ©)le N ggommo

Sum to infinity: S <oles (2 U ggoxe

1188.a_=qa_,=a,q""

1189. a,:a_=a,-a _,=...=a;-a

n-1 i n+1-i

1190. a, =,/a,_,-a, ,
1191, 5, =278 (o’ -1)
q-1 q-1

Ay

1192. S=1limS$_=
Do 1-q Aok e N0 &S liman S EMM|Q|<1 ly

q‘ <1, the sum S convergesas n — 0.

For

11.3 Some Finite Series e sker il &

Number of terms in the series:n = (g0 » &ljle s
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1193.

1194.

1195.

1196.

1197.

1198.

1199.

1200.

1201.

1202.

1203. 1+

leyw VY ad  CHAPTER11. SERIES

1+2+3+...+n=@
24+4+6+...+2n=n(n+1)
1+3+5+...4+4(2n—-1)=n"

n(2k+n-1)
k+(k+1)+(k+2)+...+(k+n—1)= 5

P+2*+3"+...+n’= i 41 )
6

P+2°+3 +...+n° ={MT
2
2_
#4345+t (2n -1 = n(4n3 )

21‘1
11 1 1
+—+—+...+ +...=1
12 2:3 34 n(n+1)
L e
12 3l (n—-1}
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11.4 Infinite Series  _abab sl

Sequence: {an} Sy
First term: a, Jol &)le

Nth term: a_ AN o)le

1204. Infinite Series  »liel (slo o

Zan=a1+a2+...+an+...

n=1

1205. Nth Partial Sum  pIN > gge

n
S,=> a,=a +a,+..+a,
n=1

1206. Convergence of Infinite Series sl ¢pw o, Ken

Y a,=L,if lim§ =L
n=1 )fl n—co
IN &le 0l
1207.Nth Term Test '~ = IS bl | Sab 15 et 5]

o Ifthe series Zan is convergent, then lima_=0.

n—ow
n=1

« If lima_#0, then the series is divergent.
o el 1Sy gy o551 0L s 3> 3]

11.5 Properties of Convergent Series 15 ¢l ol

Convergent Series: > a, =A, > b, =B LSea sle
n=1 n=1

Real number:c _aés sue
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1208. i(an +bn)=ian +ibn =A+B
n=1 n=1

n=1

1209. ican =c§:an =cA.

n=1 n=1

11.6 Convergence Tests )5 slise)
duglie (yg0]]
1210. The Comparison Test -..i 5, 0<a,Sb, b N aen (gl & Cosl (gl 655 & 5 (sloo oo

Let > a, and > b, be series such that 0 <a, <b, foralln.
m=1 gt qudll)slmﬁ gy arltg)u>ot§ﬂ Juobl)SLmb t)n Sy )§|
. If Zb is convergent then Za is also convergent.

n=1
LAMA‘)519 )u t)n LS)M)OE;J‘.L»L b515 ar,Lg)*u )5‘
. If Za is divergent then Zb is also divergent.

n=1 n=1

1211. The Limit Comparison Test s awlio g0;l
Let » a, and ) b, be series such that a, and b, are posi-
n=1 n=1
tive for all n. cwlmbwanb:nmdlfswldm;mﬁ}d%,g

a_ and b, are either both
g1 s bn oIS Zl 9 Z

convergent or both dlvergent Al oo 1519 95 2 b 1S 53 2 b

. If llmb—— 0 then Zb convergent implies that Za
)5‘ = n=1 n=1

also convergent.

sl 1) Sad 35 Bn & sl ixo ol 4 by 9 | San olS]
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. If hm——oo then Zb divergent implies that Za
S1meb = =

also dlvergent. ool 1)1y 55 @n a5 ol mo opl 4 b 990 1,515 olSS]

1212. p-series P

p-series Z—p converges for p >1 and diverges for
n=1 n

0<p<l.  cwllSl0<ps1 (dly g cul | Sen P>1 ol P o

1213. The Integral Test ||, S5 50!

Let f(x) be a function which is continuous, positive, and
decreasing for all x >21. The series x21 ol (gl oS coul b f(X) &b

if(n)= F(1)+ £+ E(3) 4.+ (). 25 o Sl 0210lS 5 Cuto o
51 sl 1,51y ¢ sl | San JLE5 ) S sl | Sam

converges if If (x )dx converges, and diverges if
1

&S yloen

n
.[ (x)dx > o0 as n—> 0.
1

1214. The Ratio Test i 905l
ASb cute il b gy An S
Let D a, bea series with positive terms.

n=1

;If lim 221 <1 then Za is convergent. .cul |, Sen apn ol

n—co a

/

;If lim 22+ 5 1 then Za is divergent, -l 1515 an o551

n—->eoa n=1

S|
)5 If lim 221 =1 then Za may converge or diverge and

N—c0 a n= 1
the ratio test is inconclusive; some other tests must be

29 o3lazwl 1L S5 clsge;l 5l s
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1215. The Root Test iy, ;y90)l

Let Zan be a series with positive terms. sl oo @lyle b (5w @p S

n=1

. . —
.)S If limg/a, <1then ) a, isconvergent. .cuwl!Sesan o]
n=1

A o ) y

o If limg/a, >1then ) a  is divergent. el 1515 @n oSS
n—w =

K -

o If limg/a, =1 then > a, may converge or diverge, but
n—>w -~

no conclusion can be drawn from this test.
Dygl Cawd 4 e o y905] ol 5l sl 4t Lol sl 1,51 b 1)Ko Wilgs o @n oSS

11.7 Alternating Series s sl

(3 auib) oslize (sl G903l
1216. The Alternating Series Test (Leibniz’s Theorem)

5L An1<aAn b N den (gl 4 ol 05 4 03l cute slasl jl g G {an} )31
Let fa_} be a sequence of positive numbers such that
a_, <a, foralln.
}lin;lo a =0.

Gylite Slagp oS 9 @

Then the alternating series » (-1)'a, and > (-1)'""a,

n=1 n=1

both converge. -4k o ,Sen 93 2

1217. Absolute Convergence TSN

« A series Zan is absolutely convergent if the series

n=1
w 2l LSen |an] w51 ol Glhae o), Sen An (g yw
> |a,| is convergent.

n=1
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ol 1 (oo ) oS5T 5L 3llae (o] S @ gy 5]
. If the series ) a, is absolutely convergent then it is con-

n=1

vergent.

1218. Conditional Convergence bgyuio o!Sen
A series ) a,is conditionally convergent if the series is

n=1

convergent but is not absolutely convergent.

w3l sllae (o, Sen Jg 1l LKen S cusl by pie (s, Son @n sy
11.8 Power Series Uy ke

Real numbers: x, x; _ad> sl

Power series: Zm:anxIl y Z.o:an(x—x0 )n S Sl
n=0 n=0

Whole number:n LIS sae
Radius of Convergence: R (2//Xe» gl

1219. Power SeriesinX X cwop Sl slog

[+s]

n __ 2 n
Y ax"=a,+ax+ax +...+ax"+...
n=0

1220. Power Seriesin (x—X,)  (X-X0) cows pr S5 (sl oo
> a,(x—x,) =a, +a(x—x,)+a,(x—x, ) +...+a,(x—x,)" +...
n=0

S ol

1221. Interval of Convergence

The set of those values of x for which the function

f(x)= Z.o: a,(x—x,)" is convergent is called the interval of
n=0

convergence. ok cul [Kon f(X) &b o] gy &8 X polis I (gl asgaome
Do (oo 00x0l ol K
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1222. Radius of Convergence S
If the interval of convergence is (x,—R,x,+R) for some

R2>0,the Ris called the radius of convergence. Itis given

as (Xo- b ply R20 (ol oS ojly 5]
R=Ilim or R=Ilim . oo ool ol Sen glas R sl R Xo+R)

1
n—>w n}'a n—>o0
n

al'l

al'l

+1

Ll o Cand @y i abaly 5l T Jlade g

S5 Sl S5l guie
11.9 Differentiation and Integration of Power
Series

Continuous function: f(x) 4w &b

Power series: Zanx“ 9 Sl
n=0

Whole number:n  Jo8 >3¢
Radius of Convergence: R 2],5en glais

S5 Sl Fude
1223. Differentiation of Power Series ‘
059 5k )3 Let f(x)= i:an){n =a,+ax+ax +.. .kﬁf():r x|<R.
Then, forn];‘ <R, f(x) is continuous, the derivative f’(x)
exists and sl dsgey F(X) b | X| <R (sl ol

f’(x)=%a0 +%alx+iazx2+... 53, 3g3s F/(X) 2o

<0
2 -1
=a;+2a,X+34,x"+...= ) na x"".
n=1
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1224. Integration of Power Series  Jly (sl o jl 55 JI,S0!
3y ks > Let f(x)= Yax"=a, +a,x+a,x +.. for x|<R.
x sl
<R, the indefinite integral If )dx exists and

J'f(x)dx=Ia0dx+Ialxdx+ja2x2dx+... ol LS5l [ X[ <R Glys ol

3 n+1
X X © 33 5 f(X)
=a0x+a1—2 +a2—3 +...=Z:arl . 9 SR

o HF

Then, for

FL s

009 Se g ysks slog o
11.10 Taylor and Maclaurin Series

Whole number: n  Jo 23
Differentiable function: f(x) nd suie &b
Remainder term: R, suledl o)le

1225. Taylor Series 294 S
(=S >+f'(axx—a>+f"(ax;§’a)2 .
()(X a) |

1226. The Remainder After n+1 Termsis givenby ~ N+1 ;I L oxiledl

11+l (gXX a)rl+1
B Y,

1227. Maclaurin Series ) o (gm0

Lw‘ ﬁ‘ﬁ c_J)L.C

, a<&<Xx.

313



LQH»)“’ AR J,@g CHAPTER 11. SERIES

f(x)= S E(0)% = g0 o O | FUOR

2! n! !

&y 5l S el Sy sl sledaw
11.11 Power Series Expansions for Some
Functions

Whole number:n o5 3¢
Real number: x Gu8s die

2 3 n
X X X
1228. e* =14+x+—+—+...+

21 3! n!

Foares

1229. a* =1+

2 3 n
xlna+(xlna) +(xlna) N +(xlna)

1! 2! 3! o n!

n_ n+l
1230. ln(1+x)=x—%+———+...+&+..., ~1<x<1.

1+ 3 5 7
1231. In—— = (x+x3+x5+x+...} x|<1.

1-x 7
x—1 1{x-1 ? 1{x—-1 ’
1232. Inx=2 —+—[—) +—[—J e, x>0.
x+1 3\x+1 5ix+1
2 4 6 n_ 2n
-1
1233. cosx = —X—+x——x—+...+( )X &
20 4 6l (2n)
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1234.

1235.

1236.

1237.

1238.

1239.

1240.

1241.

oy VY a® CHAPTER 11. SERIES

3 5 7} n_ 2n+l
inxex XX X (T
3t 5 7 (2n+1)
x° 2x° 17x]  62%x° oo
tanx=x+—+ + + +...,‘x‘<—.
3 15 315 2835 2

1 X X 2x 2x7
cotx=——| —+—+—+ - ,‘x’<n.
X 3 45 945 4725

x* 1.3 1-3-5...(2n-1x*" |
+ 2T
2-3 2:4-5 2-4-6.. (2n)(2n+1)

arcsinx=x +

]x‘<1.
m x’  1-3x° 1-3-5...2n - 1)x*""
arccosx=——| x+ =+ T
2 2:3 2-4.5 2-4-6...(2n)2n+1)
]x‘<1.
3 5 7 1\ 20+l
arctanx = X—X—+X——X—+ +%+ ,]x’Sl.
3 &5 7 2n+1
2 4 6 2n
coshx=1+—+>+2 4+ 4 B s
20 4 ¢ (2n)

) X XS 7 X2n+1
sinhx=x+—+—+—+...+ ——+
rost 7 (2n+1)
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11.12 Binomial Series ! ae> 5 sl

Whole numbers: n,m LIS sl
Real number:x  _dds suc

Combinations: "C, .Sy

1242. (1+x)" =1+ "C;x+ "Cx* +...+ "C x" +...+ X"

1243. °C =n(n—1)...[n—(m—1)] ‘x‘<1
" m! ’ .
1244.L=1—x+x2—x3+...,‘x|<1.
1+x

1
1245. 1—=1+x+x2+x3 +.oly ‘x]<1.
-X

2 3 4
1-3 1:3-5
1246. \/1+x=1+§—X 40X X +...,\x\£1.
2 24 2:4-6 2-4-6-8

1-2x* 1-2-5%° 1-2-5-8x*
1247. 3\/1+x=1+§— 3 = = +...,]x\
3 36 369 3:6-9-12

11.13 Fourier Series 4,4 <l

Integrable function: f(x) i JI,Sol &b
Fourier coefficients: a,, a_, b
Whole number:n o5 sae

n 498 colps
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1248. f(x)= i(a cosnx+b, sinnx)
n=1

il
2

1249. a_= L J.f(x)cosnx dx
T

1250. b —jf )sin nx dx
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Jki=l  Probability

12.1 Permutations and Combinations

1251.

1252.

1253.

1254.

1255.

1256.

Permutations: "P_ L.y

m

Combinations: "C_ kS
Whole numbers: n,m o8 slsel

Factorial Joygs
ni=1-2-3...(n-2)n—-1)n

0ol=1
"P =n!
n!
l'lP =
" (n-m}

Binomial Coefficient ! doa 93 colps

n n!
nC = P
" (mJ m!(n— mﬁ

G =P

n-m

n n _n+l
Cm + Cm+1 - C:m+1
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1257.

1258.

Row O
Row 1
Row 2
Row 3
Row 4
Row 5
Row 6

Jlisl VY a8 CHAPTER 12. PROBABILITY

n n n n n
& 5+ 4. V6, =5

Pascal’s Triangle J&wb ¢dio

1
1 1
1 2 1
/| 3 3 |
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

12.2 Probability Formulas ~ J“>!%,

1259.

Events: A, B ENIVY

Probability: P Jleze!

Random variables: X, Y, Z  8lal slo o

Values of random variables: x,y,z ke b pxio poli
Expected value of X: n X colasl lade

Any positive real number: £ cute Lads die
Standard deviation: 6 lxo 8,50l

Variance: ¢’ oible

Density functions: f(x), f(t) J% &ly

Probability of an Event  »luy, & Jhs!
P(A)="",
n
where
m is the number of possible positive outcomes, o &S

n is the total number of possible outcomes.
(OSes Cute (slausg 3 s M

sl (S elogrgys S Sl N
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1260.

1261.

1262.

1263.

1264.

1265.

1266.

1267.

1268.

1269.

Jlssl VY a8 CHAPTER 12. PROBABILITY

Range of Probability Values Jlus! 155180 03gaxe
0<P(A)<1

Certain Event o> 3y,
P(A)=1

Impossible Event  (ySesl sy,
P(A)=0

Complement JoSo
P(A)=1-P(A)

Independent Events  Jaiwe sladlyg,
P(A/B)=P(A),
P(B/A)=P(B)

Addition Rule for Independent Events Jis lodliyg) sl gox sl
P(AUB)=P(A)+P(B) (lp] &5 225 (s Jga b 9 4 ol Lol Jgoy3 ()

S dl—‘”‘%’.s) Sy o 0acld
Multiplication Rule for Independent Events

P(A~B)=P(A)-P(B)

General Addition Rule &= eoes oaclé T s
P(AUB)=P(A)+P(B)-P(ANB), ol »
where Sl B 9 A Lgl.tb.)‘_\g‘” &l.o.,o‘ AUB

A UB is the union of events A and B, .cwlB 3 A laslyg, S1sl ANB
A n B is the intersection of events A and B.

Conditional Probability bg s Jloxs|
p(a /)= FANB)

P(B)

P(AnB)=P(B)-P(A/B)=P(A)-P(B/A)
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1270. Law of Total Probability S Jlus! ;96

P(A)=§P(Bi)P(A/Bi), ol 50385 5| s clashisg, g By o] 5 oS

where B, is a sequence of mutually exclusive events.

1271. Bayes’ Theorem b 4ua8
P(B/A)= P(A/B)-P(B)
P(A)

1272. Bayes’ Formula o=l 4,

- iP(Bi)°P(A/Bi)
U‘ ).)Af k=1

where ol (Glasy8) S0 5l Jaius (sladly g dcgors B;
B, isa set of mutually excluswe events hyl'g)otheses ;

A is the final event, (Bi) el 2les olg, A
P(B, ) are the prior probablhtles, awl Cpang Y leis! P(Bi/A)

P(B, /A) are the posterior probabilities.

1273. Law of Large Numbers 5,3, slucl 8

P(S—“—p28]—>0 as N —>o0,
n

S
P(—H—M<SJ—>1 as n— oo,
where

S_ is the sum of random variables,
n is the number of possible outcomes. ol (Sas slodliyg, olas N

1274. Chebyshev Inequality i (6l b

P(]X — p_‘ > S)S —V(z() 5
g
where V(X) is the variance of X. -<ul X uibylg V(X) ()] 5 &S
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1275. Normal Density Function = Jl,; J&s &b

1 _ (X‘P') ?
olx )=

267
where x is a particular outcome.  .cwl ol 39,5 X o > o

€ ’
CV2T

1276. Standard Normal Density Function  » lulwl Jb s J&s &b

1 &
—_— 2 . = .
(p(Z) o € 0=1 jlxo ilyoul P=0 1 Slo ,lado

Average value n=0, deviation c=1.

Yy S5
Figure 210.

1277. Standard Z Value  Z 5 slew! jluse
gl
o

x5 Jloy @58 @b
1278. Cumulative Normal Distribution Function

1 x ()’
F(x)= Ie " dt,

C\ 2T
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1279.

1280.

1281.

1282.

1283.

Jleisl VY a8 CHAPTER 12. PROBABILITY

U] ).) 45
where ok ’
X is a particular outcome, Wl o> (29> X

t is a variable of integration. .cel 5,5 JI,54l i t

gl BB )l BR
P(oc<X<[3)—F[ . J F( . j g

where ol Jloy @jg b (oolas pusie X
" . 1 .o P EIP L P

X is normally distributed random variable, ‘ s o s F

F is cumulative normal distribution function, = <™~ Jey &g &

P(c < X < B) is interval probability. sl Jloisl o5, P(a<X<P)
8 -

PQX—M‘<S)= ZF[EJ, u‘ ).)46

where ool Jloy @i b (Bolad ke X

X is normally distributed random variable, .cul s Jboy xj9 &b F
F is cumulative normal distribution function.

Cumulative Distribution Function _xeo0 xj¢5 @b

F(x)=p(X<x)=_jf(t)dt,

where t is a variable of integration. -cuwl (55 JI,S5l ysie T (] )3 &S

Bernoulli Trials Process /9y koge;l ol
L=D0p , 6" =0pq, b Cuibge Jlaixl P wusl uislojl Jlg N ol 5 &

where Q=1-p ol ks Jloin! Gl Gibej]
n is a sequence of experiments,
p is the probability of success of each experiments,

q is the probability of failure, q=1-p.

Binomial Distribution Function (sl dles 95 mjo5 &

n
b(n,p,q)=(k] p“q" ",
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1285.

1286.

1287.

Jleisl VY |28 CHAPTER 12. PROBABILITY

u=np, ¢° =npq,

f(x)=(a+pe')
where

n is the number of trials of selections,
p is the probability of success,

q is the probability of failure, q=1-p.

O=1-p el culs Jlaslq

Geometric Distribution = wia zj¢
P T = 1 = j_l ’ L. " .. 1
n==, 67 =L Ly, S n oo ghge Jleisl Pl ol

where O=1-p wwl cuss Join! g sl

T is the first successful event is the series,

j is the event number,

p is the probability that any one event is successful,
q is the probability of failure, q=1-p.

Poisson Dls1l:(r1but10n Ogler &8

Y LA
P(X—k)maﬁe , A=np,
u=x,c’ =%,
where Ll Cuio Sla 9> sl k olis sy A OT DS

A is the rate of occurrence,
k is the number of positive outcomes.

Density Function J&s «b
b

Pla<X <b)= [f(x)dx

Continuous Uniform Density  auwgn csla JBs
£ 1 _a+b
b—a’ H 2
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1289

1290.

1291.

1292.

1293.
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where fis the density function.  .cuwl J& &b f o 3 &8

. Exponential Density Function  _ls J& &b

f{t)=2e™; p==%, o=}’
where t is time, X is the failure rate. .cwl cwSs g5 A (olojt o] p &

. Exponential Distribution Function 2l xjo &b

F(t)=1-¢™,
where t is time, % is the failure rate. .cul cass g5 A (glojt o] 5 &S
Expected Value of Discrete Random Variables

= E(X)= XiPi> - -
; ) Oldgb}g).o Jlo.bl Pi ‘uols 9> Xi Ql )JdS
where x; isa particular outcome, p; isits probability.

Expected Value of Continuous Random Varlables

= _jxf(x)dx

Properties of Expectations oLl polie cloaShs
E(X+Y)=E(X)+E(Y),

B(X - Y)= E(X)-E(Y),

E(cX )=cE(X),

E(XY )=E(X)-E(Y),

where cis a constant. el <ol € (] )3 &S

B(X?)= V(X)+1?,

where )
w=E(X) is the expected value,  (s,sl )l W=E(X) o » &
V(X) is the variance. ol b lg V(X) ol
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1294. Markov Inequality = GoS,lo (¢ ,l,0
P(X > k)< @
where k is some constant, -l <ub (sslda kol > o8

1295. Variance of Discrete Random Variables 4.5 by gl e el

o = V(X)=E[X -} |- 3 (x, )y

i=1

slg

where

X, is a particular outcome, e Pi o> (29> Xi o) 5

p; is its probability.

Ly (Slad sl yusite el )ly
1296. Variance of Continuous Random Variables

o = V(X)=E[(X -] - Fxix

-0

1297. Properties of Variance  _b)ly skeS3
V(X+Y)=V(X)+V(Y),
V(X-Y)=V(X)+V(Y),

V(X +¢)=V(X),
V(eX)=c*V(X),
where cis a constant. .cul coli C )] 3 oS

1298. Standard Deviation b= I,

D(X)= yV{X) = VE[X—u]]

1299. Covariance  _ib)lsS

cov(X%,Y )= E[(X— ()XY - (¥ )| = E(XY )~ u(Xu(¥),

where I )

X is random variable, ool (Bolad piie X ol &
V(X) is the variance of X, Jie Wl X Luibyly V(X)
L is the expected value of X or Y. ool Y U X g lla)
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1300. Correlation  (sxwwsod
cov(X,Y)

XY Jo—nr

PLXY) V(X)V(Y)

where ‘ ,
V(X) is the variance of X, osbyly V(X) o
ool Y uib,lg V(Y)

V(Y) is the variance of Y.
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